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1. Introduction

String vacua with N = 1 supersymmetry in 3 + 1 spacetime dimensions have been re-

attracting a lot of attention in recent years. One of the reasons is of course that despite a lot

of efforts spent on the heterotic string, actual connections with real world particle physics

have proven difficult to make, and that new avenues have opened up with our growing

mastery of strings, branes, and M-theory. But we may also wish to turn this quest around

and ask for general lessons from exploring the duality web with four supercharges, which on

general grounds is expected to be quite complex. Whether or not one will be able to make

contact with phenomenology, or extrapolate to a situation with broken supersymmetry, it

is natural to expect that something interesting will be learned.

Type II orientifolds with branes and fluxes are an important class of models. By a chain

of duality, they can be related to many other classes of models, including the heterotic string

on Calabi-Yau 3-folds and M-theory on G2-holonomy manifolds, and therefore may possibly

provide a unifying scheme for 4d N = 1 compactifications [1]. They provide natural set-ups

for the braneworld scenario. It should also be noted that the recent progress in moduli

stabilization is done in this framework [2, 3]. However, most of the study in the past is

done using supergravity, or only toroidal orientifolds are given serious accounts. This is

definitely not a satisfactory state of affairs, because the large volume or flat backgrounds

are a tiny part of the whole variety of possible theories. What we need is a handle on the

regime where supergravity is not accessible.

In this paper, we study the other extreme regime where the internal space is very small

but nevertheless the worldsheet is extremely powerful. Namely, we construct and study

Type II orientifolds based on Gepner models [4]. We will also try to see how such theories

are connected to the large volume regimes.

To avoid confusion, we emphasize that what we do here is within the framework of the

perturbative NSR formalism. We are obviously not able to include (RR) fluxes, and we are

not going to discuss the stringy quantum corrections at this stage, except in the discussion

of the anomaly cancellation mechanism and Fayet-Iliopoulos terms. In particular, the

moduli including the dilaton remain unfixed. However, we want to regard our work as a

useful starting point for an explicit study of such models. For instance, our models will

have non-abelian gauge groups living on various RR tadpole canceling branes, and our

results may be useful also for the final step in the moduli stabilization [3].

– 3 –
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In fact, the roads have been partially paved for us. Recently, a great deal of results

on D-branes in Type II string compactifications were obtained. They include application

of Cardy’s RCFT techniques [6] and also the study of how they continue in the moduli

space to the large volume [7]. There is also an orientifold version of Cardy, initiated by

Pradisi-Sagnotti-Stanev [8] and further developed by many people [9 – 12, 14]. Some of

the preliminary results have been obtained in [15, 16] and more recently in [17 – 19]. In

particular, we will extensively use the results of [17] on the minimal models and other

general properties of orientifolds of (2, 2) theories.

Our goal in this paper is threefold. Firstly, we want to adapt and generalize the RCFT

methods to the full string theory based on the Gepner models. Secondly, we want to present

as unified a view as possible of the various descriptions available for these worldsheets, such

as the Landau-Ginzburg and gauged linear sigma model pictures. In particular, we want

to generalize the relations between the Gepner point and large volume regimes to the

situation involving unoriented strings. Thirdly, we want to give rather detailed lists of

explicit models that can be constructed within this framework.

The ripeness of the subject and the richness of the harvest have forced this paper to

rather extended length. In order to guide the reader towards the important results, we

now give an overview over the organization of the presentation.

According to our global goal, we begin our discussion in section 2 in the context of the

gauged linear sigma model (GLSM), which provides the most global picture of Calabi-Yau

compactifications on the worldsheet. The discussion in subsection 2.1 is rather standard,

and can safely be skipped by experts.

In subsection 2.2, we review the possible orientifold projections, as discussed for ex-

ample in [17]. As could be expected, parity symmetries of N = 2 supersymmetric field

theories come in two varieties, called A and B-type respectively. The tadpoles arising from

the corresponding O-planes must be canceled by A and B-type D-branes, and the resulting

N = 1 models can be thought of as Type IIA/IIB orientifolds, respectively. The associ-

ated geometries are quite different, but are related to each other by mirror symmetry. Of

importance will be the classification of possible dressing of the parity by various (classical

and quantum) symmetries of the theory in such a way that the parity is involutive.

In subsection 2.3, we make this discussion concrete in the two examples which will

accompany us through the rest of the paper: the quintic hypersurface in P4 and the degree

8 hypersurface in weighted projective space P4
1,1,2,2,2. As we will see, many interesting

features arise in this two parameter model, which admits a much richer set of possible

orientifold projections than the quintic. For example, we will see that with the appropriate

dressing it is possible to project out the Kähler modulus corresponding to the overall size

of the Calabi-Yau, or to select different sections of the moduli space, corresponding to

discrete fluxes in the large volume regime.

We have organized the rest of the paper around this division into A and B-type and

the illustration in two examples, the quintic and the two parameter model. In section 3,

we discuss the construction of crosscap and boundary states in the full worldsheet the-

ory of the Gepner model. Our approach differs slightly from the methods used in the

literature [6, 20 – 23] in that we use a supersymmetric language throughout. Moreover,

– 4 –



J
H
E
P
0
2
(
2
0
0
7
)
0
0
1

our construction of B-type boundary states is new in the sense that it does not use the

Greene-Plesser [24] construction of mirror symmetry. This approach also sheds new light

on fixed-point resolution or the appearance of so-called short-orbit branes [21 – 23, 25].

We are then ready for discussing the consistency conditions that constrain the possible

string theory models we can build, A- and B-type in sections 4 and 6, respectively. The

discussion includes the computation of O-plane charges, the action of the parities on the

D-branes, as well as the structure of Chan-Paton factors. This puts us in a position

to solve the consistency conditions explicitly for our two examples. We also discuss the

computation of the massless open string spectrum. We conclude each of the sections with

lists of solutions to the tadpole cancellation conditions and open string spectra in selected

cases.

The possibilities turn out to be extremely numerous and rich. For instance, for B-type

models on the quintic, it turns out that there are 31561671503 different supersymmetric

and tadpole canceling configurations of rational branes at the Gepner point, all with the

orthogonal gauge groups. The number of vacua is similar in the two parameter model,

depending on the parity, with the the additional interesting feature of allowing for config-

urations with unitary and symplectic gauge groups.

For A-type models, the spectrum is expected to be even richer, although we are not

able to solve the tadpole constraints completely in this case. The number of equations

and the number of branes are too many for even the computer to find the solutions in a

reasonable time. However, special solutions can be found: For any model with odd levels

only, we always have a solution consisting of four identical branes — four D6-branes on top

of the O6-plane in the large volume limit. For models including even levels, such a solution

does not always exist but one can use the recombination of branes in the Landau-Ginzburg

model to find special solutions in many cases. Also, the size of the problem is much smaller

when we consider “intermediate” models whose orbifold group is not minimal (single cyclic

group) nor maximal (the mirror of single-cyclic Gepner model).

Some of the theories we obtain have chiral matter contents. Two out of nine special

solutions for the two parameter model (A-type) are chiral. One of them has U(1)8 gauge

group with chiral quiver matters, and the other is Sp(1)×Sp(1)×U(2) theory with matters

in 2 × (2,1,2), (1,2,2) and (2,2,1). We feel that there are more chiral solutions than

these two, but how many and which is not clear at the moment. For Type IIB orien-

tifolds on Gepner models based on a single cyclic group, such as the quintic or the two

parameter model, all the solutions are non-chiral. However, some of the randomly chosen

solutions of a Z5-orbifold of quintic are chiral. Thus, we obtain the first examples of chiral

supersymmetric 4d theories out of non-toroidal orientifolds.

Section 5 is an interlude, in which we make remarks on chirality, anomaly cancellation

mechanism and Fayet-Iliopoulos terms. The bilinear identity of the Witten index, where

the only parity-invariant closed string ground states propagate in the tree channel, plays

an essential role in anomaly cancellation. We make explicit the string coupling dependence

of the low energy Lagrangian and check that it is consistent with all of the tree level results

we obtained.

Finally, in section 7, we compare the results on consistency conditions with the geo-
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metrical expectations in the large volume limit, finding complete agreement. We will here

make use of the results of [7] and [26] on the connection between geometry and Gepner

model boundary states (see also [27 – 30]), as well as the results on the structure of the

Kähler moduli space of the two parameter model [31] and its real sections discussed in

subsection 2.3. We find something interesting through this study: For some Type IIB ori-

entifolds of the two parameter model with two large volume regions (distinguished by the

B-field), the type of O-plane changes if one goes from one large volume region to the other,

through non-geometric domains of the Kähler moduli space. We consider an example with

O5-planes at a genus 9 curve and four rational curves. Here, in one region all O-planes are

O5− (SO-type), whereas in the other region the O-planes at the rational curves become

O5+ (Sp-type). For Type IIA orientifolds, we find in one example an effective description

of closed and open strings that matches the results at the Gepner point as well as large

volume. An extensive study needs more technical development such as an A-type analog

of [26 – 30] (see, however [32]), geometrical study of large volume branes, and methods to

compute superpotential in both regimes.

Note: A part of the present work (including section 3 and a part of section 4) is

presented in a conference in [33]. While the current work was under further progress and

was being written, we noticed these papers by Aldazabal et al [34] and by Blumenhagen [35],

which have some overlap with our work. However, in these papers, only odd level Gepner

models are considered. As we will see, the rich and interesting new physics arises in models

including even level minimal models.

2. Calabi-Yau orientifolds

2.1 Calabi-Yau sigma models and Gepner points

Consider a (2, 2) supersymmetric gauge theory in 1 + 1 dimensions with U(1) gauge group

and r + 1 fields X1, . . . ,Xr, P with tree level superpotential

W = P (Xk1+2
1 + · · · + Xkr+2

r ) (2.1)

and twisted superpotential

W̃ = tΣ.

Σ = D+D−V is the superfieldstrength and t = r− iθ is the Fayet-Iliopoulos-Theta param-

eter. The gauge transformations act on the fields as

P → e−iHλP, Xi → eiwiλXi,

where

H := lcm{ki + 2},

wi :=
H

ki + 2
.

For large values of the FI parameter, the system reduces at low energies to the sigma

model on the hypersurface M = {Xk1+2
1 + · · ·+ Xkr+2

r = 0} in a weighted projective space

– 6 –
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of dimension r − 1. This gauge system, introduced in [36], is called the linear sigma model

for the manifold M . The condition that M is Calabi-Yau is reflected by the vanishing of

the sum of charges −1 +
∑r

i=1
1

ki+2 = 0. Namely

r∑

i=1

ki

ki + 2
= r − 2 = dim M. (2.2)

In this case, the beta function for the FI parameter vanishes and therefore t is a free

parameter of the system.

At large negative Re(t), the P field has a vacuum expectation value and breaks the

U(1) gauge symmetry to the subgroup in which eiHλ = 1. This unbroken subgroup Γ is

generated by the one with λ = 2π/H which acts on the fields as

γ : Xi → e
2πi

ki+2 Xi, (2.3)

and is a cyclic group of order H. The model at t = −∞ is identified as the LG orbifold

with superpotential

WG = Xk1+2
1 + · · · + Xkr+2

r (2.4)

divided by the group Γ ∼= ZH acting on fields as (2.3). The LG model with superpotential

W = Xk+2 flows in the infra-red limit to a (2, 2) superconformal field theory with central

charge c = 3k
k+2 , called the (A-series) level k N = 2 minimal model, Mk. The infra-red

limit of the above LG orbifold is thus the Γ-orbifold of the product of the minimal models;

(
r∏

i=1

Mki

)/
Γ

This is the Gepner model. The generator (2.3) of the orbifold group Γ is identified as

γ = (g, . . . , g)︸ ︷︷ ︸
r

(2.5)

in which g := e−2πiJ0(−1)
bF where J0 is the U(1) current of the (right-moving) N =

2 superconformal algebra and (−1)
bF is 1 on NSNS sector but −1 on RR sector. Note

that the RR-ground states of lowest R-charge q = − c
6 survives the orbifold projection,

since c
6 = dim M

2 = r−2
2 and thus γ = eπi(r−2)(−1)r = 1. This state corresponds to the

holomorphic volume form of the Calabi-Yau manifold. We discuss more on the ground

states in section 2.1.1.

Type II string theory on M ×RD is consistent only if 2 dim M + D = 10. If we denote

the complex dimension of the transverse space by d = (D − 2)/2, the criticality condition

is

r + d = 6. (2.6)

In this paper we assume both the Calabi-Yau condition (2.2) and the criticality condi-

tion (2.6).

– 7 –
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Remarks.

(i) It is possible to have some ki = 0. The IR limit of W = X2 is empty, but can be

regarded as the system with a unique (ground) state in each of R/NS-sectors, with

zero energy, zero charge. We will regard the ki = 0 factor as such a quantum field

theory. The orbifold group acts on this factor non-trivially: the generator γ acts as

g = e−2πiJ0(−1)
bF = (−1)

bF , namely, as identity on NSNS sector but as (−1) on the

RR-sector. Thus, having this factor has a non-trivial effect.

(ii) The behaviour of the system depends very much on whether there is an even ki. It is

useful to note that when there is at least one even ki there is actually an even number

of i with largest factors of 2 in ki, under the Calabi-Yau condition,
∑r

i=1
H

ki+2 = H.

(iii) Let us present some examples that satisfy the Calabi-Yau and criticality conditions.

• (ki + 2) = (3, 3, 3); M = an elliptic curve, D = 7 + 1.

• (ki + 2) = (4, 4, 4, 4); M = a K3 surface. D = 5 + 1.

We will mainly consider the case with r = 5 and d = 1 since this corresponds to the

string compactification to 3 + 1 dimensions. The examples of this type are

• (ki + 2) = (5, 5, 5, 5, 5); M = a quintic hypersurface in CP4.

• (ki + 2) = (8, 8, 4, 4, 4).

• (ki + 2) = (8, 8, 8, 8, 2).

• (ki + 2) = (12, 12, 6, 6, 2).

The first two will be our basic examples where we examine the general story in detail.

A complete list can be found in [37].

(iv) The non-chiral GSO projection of the minimal model Mk by (−1)F = e−πi(J0− eJ0) is

the SU(2)k×U(1)2 mod U(1) gauged WZW model, or simply SU(2)k×U(1)2/U(1)k+2

coset model. The latter model has primaries labeled by (l,m, s) ∈ Mk; namely

l ∈ Pk = {0, 1, . . . , k}, m ∈ Z2(k+2), s ∈ Z4, with l + m + s even, (l,m, s) ≡
(k−l,m+k+2, s+2).1 The product theory Mk1×· · ·×Mkr should not be confused with

the tensor product of the GSO projected models of Mk1 , . . . ,Mkr . In the latter the

space of states would have mixture of NSNS and RR factors, while in the former NS/R

alignment is automatically imposed, as usual in ordinary supersymmetric quantum

field theories.

(v) The GSO projected model has global symmetries gn,s corresponding to simple currents

(0, n, s) (n ∈ Z2(k+2), s ∈ Z4, with n + s even) which act on the states in Hl′,m′,s′ ⊗
Hl′,−m′,−s′ as multiplication by a phase e

πi
“

nm′

k+2
− ss′

2

”

. The symmetry g above induces

one of them, g2,0.

1In this paper, following the convention used by majority of people, the SU(2) spin j is labeled by

L = 2j ∈ Pk = {0, 1, 2, . . . , k}, rather than j itself that is used in [25, 17].
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(vi)“Gepner Model” usually refers to more general models based on orbifold of the product

of minimal models. It doesn’t have to come from linear sigma models of the above

types. In appendix A, we present more general models. In the main text of the paper,

we treat only the class of models introduced above (except sections 3.1 and 3.2 where

the discussion is general), in particular the case D = 3 + 1 and r = 5. We relegate

the discussion on the most general models to appendix.

In many cases, M has singularities that are inherited from the orbifold singularities

of the ambient space, and their resolution introduces extra Kähler parameters. This is ac-

commodated in the linear sigma model by extending the gauge group and adding charged

fields. In general, the gauge group will be U(1)k =
∏k

a=1 U(1)a gauge theory with matter

fields P,X1, . . . ,Xr+k−1 of certain charge Qa
P , Qa

1, . . . , Q
a
r+k−1 and certain (twisted) super-

potential. For example, for (ki + 2) = (8, 8, 4, 4, 4), the full system after the resolution has

U(1) × U(1) gauge group and six matter fields of the following charges [38]:

P X1 X2 X3 X4 X5 X6

U(1)1 −4 0 0 1 1 1 1

U(1)2 0 1 1 0 0 0 −2

(2.7)

The system has superpotential

W = P
{

X4
6 (X8

1 + X8
2 ) + X4

3 + X4
4 + X4

5

}
,

and twisted superpotential

W̃ = t1Σ1 + t2Σ2, (2.8)

where the ta = ra−iθa and Σa = D+D−Va are the FI-Theta parameter and the fieldstrength

of the U(1)a gauge group. In the limit t2 → −∞ with 2t1 + t2 fixed, X6 acquires a

large absolute value and breaks the gauge group except the one generated by (2i, i) ∈
u(1)1 ⊕ u(1)2. We are then left with the original system with one U(1) gauge symmetry

whose FI-Theta parameter is t = 2t1 + t2. This corresponds to undoing the resolution.

2.1.1 RR ground states and chiral primaries

Let us present the list of supersymmetric ground states of the system. The level k minimal

model has (k + 1) supersymmetric ground states |l〉
RR

(l = 0, 1, . . . , k) which correspond

to X l and have R-charges q = q̃ = l+1
k+2 − 1

2 . Also, on a circle twisted by e−2πiνJ0, there is

a unique supersymmetric ground state |0〉ν which has R-charge q = −q̃ = lν+1
k+2 − 1

2 where

lν ∈ {0, 1, . . . , k} is defined by lν + 1 ≡ −ν (mod (k + 2)). The RR ground states of the

Gepner model are made of these states. Since the orbifold group is generated by the tensor

product of − e−2πiJ0 for the r = 5 factors, the condition is that the sum of R-charges is an

odd half-integer,
∑

i qi ∈ 1
2 + Z. Untwisted sector states are thus the products ⊗5

i=1|li〉RR

with the condition
∑

i(
li+1
ki+2 − 1

2) =
∑

i
li

ki+2 − 3
2 ∈ 1

2 + Z, or

5∑

i=1

li
ki + 2

= 0, 1, 2, 3. (2.9)

– 9 –
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They correspond to harmonic forms of degree (3, 0), (2, 1), (1, 2) and (0, 3) respectively

of the relevant Calabi-Yau manifold.2 There are also RR ground states from the twisted

sectors labeled by ν = 1, 2, . . . ,H − 1. The orbifold condition is the same as (2.9) where li
is replaced by l

(i)
ν for such i where the twist is non-trivial, ν 6≡ 0 mod (ki+2). For the ν = 1

twist, we find l
(i)
1 = ki for all i and we find a unique ground state with q = −q̃ = 3

2 . The

geometrical counterpart is the (0, 0)-form. For ν = (H − 1), we also find a unique ground

state that corresponds to the (3, 3)-form. The ground states from the twisted sectors are

mostly related to (p, p)-forms. However, there can be states corresponding to off-diagonal

forms. For example, let us consider the case where H is even and twist by ν = H
2 . The

twist in the i-th factor is non-trivial if and only if wi = H
ki+2 is odd. For such an i, l

(i)
H
2

is ki
2

and the ground state is qi = q̃i = 0. For other i, the twist is trivial and the ground states

are ordinary ones |li〉RR with R-charges qi = q̃i = li+1
ki+2 − 1

2 . They correspond to (2, 1) or

(1, 2) forms. Let us show the number of ground states in two examples.

1. (ki + 2) = (5, 5, 5, 5, 5)

Untwisted ground states correspond to monomials of Xi with degree 0, 5, 10, 15 (with

relations X4
i = 0) and there are 1, 101, 101, 1 of them. Also there is a unique ground

state ⊗i|0〉ν from each of ν = 1, 2, 3, 4 twisted sectors. These numbers are organized

into the “Hodge diamond”

1
0 0

0 1 0
1101101 1
0 1 0

0 0
1

2. (ki + 2) = (8, 8, 4, 4, 4)

X1,X2,X3,X4,X5 have weights wi = 1, 1, 2, 2, 2. Untwisted ground states correspond

to monomials of Xi with total weight 0, 8, 16, 24 (with relations X7
1 = X7

2 = X3
3 =

X3
4 = X3

5 = 0). There are 1, 83, 83, 1 of them. There is a unique ground state ⊗i|0〉ν
from each of ν = 1, 2, 3, 5, 6, 7 twisted sectors. They corresponds to diagonal forms.

For the ν = 4 twisted sector, ground states are

⊗

i=1,2

|0〉ν ⊗
⊗

i=3,4,5

|li〉RR

where l3 + l4 + l5 = 1 (3 states) or 5 (3 states). The Hodge diamond is therefore

1
0 0

0 2 0
1 86 86 1
0 2 0

0 0
1

86 = 83 + 3

2For non-linear sigma model on a Calabi-Yau manifold of dimension n, supersymmetric ground states

with R-charge (q, eq) correspond to harmonic (p, p̄) forms where (q, eq) = (n
2
− p, p̄ − n

2
).
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As usual [39], RR ground states are in one-to-one correspondence with chiral primaries

by a spectral flow which shifts the R-charge as q → q ± c
6 , q̃ → q̃ ± c

6 . The spectral flow

with the sign (++) maps the ground states to NSNS states corresponding to chiral fields

((c, c)-fields), and the (−+)-spectral flow maps them to NSNS states corresponding to

twisted chiral fields ((a, c)-fields). They are marginal operators if q = q̃ = 1. Marginal

(c, c) primaries correspond to (2, 1)-forms and marginal (a, c) primaries correspond to (1, 1)-

forms.

2.1.2 The parameter space

Worldsheet parameter space

The (c, c) and (a, c) primaries with R-charge (1,1) are exactly marginal operators. Pa-

rameters coupled to (c, c)-primaries parametrize the complex structure of the target space.

In the linear sigma model, they are the parameters ai of the tree level superpotential

W = PG(Xi, ai). If there are twisted RR ground states corresponding to (2, 1)-forms, the

corresponding parameters do not fit into the linear sigma model. Parameters coupled to

(a, c)-primaries parametrize the complexified Kähler class [ω − iB], where ω is the Kähler

form and B is the B-field. In the linear sigma model, they are the FI-Theta parameters ta.

In the large volume limit, the FI-Theta parameters and the complexified Kähler parameters

are related by

[ω − iB] ∼
k∑

a=1

(ta + πiQa
P )ωa (2.10)

where ωa ∈ H2(M, Z) is the first Chern class of the line bundle associated with the U(1)a
gauge group and Qa

P is the charge of the field P .

The worldsheet theory is singular at certain loci of the parameter space. On the

complex structure moduli space, the singularity is at the loci where M = {G(Xi, ai) = 0}
is singular as a complex manifold. On the Kähler moduli space, the singularity is at the loci

where the linear sigma model has an unbroken gauge symmetry and some vector multiplet

is exactly massless. For example, in the case of quintic, the singularity is at

et = −55.

In the example of (ki + 2) = (8, 8, 4, 4, 4), there are two singular loci:

C1 =
{

et2 = 4
}

, Ccon =
{

et2(1 − 4−4 et1)2 = 4
}

. (2.11)

Scalar manifold of spacetime theory — Type II on Calabi-Yau

Let us consider Type II string theory on R3+1 times the internal CFT we have been

discussing. The theory has N = 2 supersymmetry on R3+1. The moduli of the worldsheet

theory give rise to massless scalar fields in 3 + 1 dimensions, which are part of some

N = 2 supermultiplets. Other parts in the multiplet come from the NS-R, R-NS and R-R

sectors. In Type IIA string theory, the h1,1 Kähler moduli are the scalar components of

vector multiplets, while the h2,1 complex structure moduli together with the periods of the

RR 3-form potential constitute the scalar components of hypermultiplets For Type IIB,
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the complex structure moduli are in vector multiplets, while the Kähler moduli and the

periods of the RR potentials are in hypermultiplets. The singular loci of the worldsheet

theory are not singular in full string theory. It is simply that there are degrees of freedom

that become massless at these loci [40].

2.1.3 Mirror description

The mirror of the Gepner model [24] (see also [41]) is the IR limit of the LG orbifold with

superpotential

W̃G = X̃k1+2
1 + · · · + X̃kr+2

r ,

and the group Γ̃ ⊂ ∏r
i=1 Zki+2 acting on the fields as

X̃i → e
2πieνi
ki+2 X̃i,

r∏

i=1

e
2πieνi
ki+2 = 1.

The superpotential can be deformed by polynomials of the same degree as W and which

are invariant under the group Γ̃. The monomial X̃1 · · · X̃r is an example that exists in all

the cases. In fact the model with superpotential W̃G + et/HX̃1 · · · X̃r is the mirror of the

linear sigma model with single U(1) gauge group whose FI-Theta parameter is t [42]. In

the case (ki + 2) = (5, 5, 5, 5, 5), this is

W̃ = X̃5
1 + · · · + X̃5

5 + et/5X̃1 · · · X̃5.

In fact X̃1 · · · X̃5 is the only allowed deformation for this case, which corresponds to the

fact that the quintic has only one Kähler modulus. In more general models, there are other

Γ̃-invariant monomials of the same degree, each corresponding to a blow up mode. For

instance, in the case (ki + 2) = (8, 8, 4, 4, 4), the fully deformed superpotential is

W̃ = X̃8
1 + X̃8

2 + X̃4
3 + X̃4

4 + X̃4
5 + et1/4+t2/8X̃1 · · · X̃5 + et2/2X̃4

1 X̃4
2 , (2.12)

where t1 and t2 are the FI-Theta parameters in (2.8). It indeed reduces to the one-

parameter family W̃G + et/8X̃1 · · · X̃5 under the blow-down limit, t2 → −∞, t = 2t1 + t2
fixed.

2.2 Parity symmetries

We would like to classify involutive parity symmetries of the system that preserves a half

of the (2, 2) worldsheet supersymmetry. The superfield notation we use here is introduced

in [17]: the A and B parities on the (2, 2) superspace are ΩA(x±, θ±, θ
±
) = (x∓,−θ

∓
,−θ∓)

and ΩB(x±, θ±, θ
±
) = (x∓, θ∓, θ

∓
).

2.2.1 Linear sigma model

We first consider the parity symmetries of the linear sigma model.
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A-parities. A-parities of the single U(1) gauge system with superpotential (2.1) are ΩA

combined with V → V and

τA
m,σ :

P −→ P ,

Xi −→ e
2πimi
ki+2 Xσ(i).

(2.13)

Here, m labels the elements of the global symmetry (
∏r

i=1 Zki+2)/ZH . Also, i 7→ σ(i) is

an order two permutation such that kσ(i) = ki so that the charges are invariant. This is

involutive if and only if

mi = mσ(i) (mod ki + 2).

The phase rotation can sometimes be undone by a change of variables. For X ′
i = e

2πini
ki+2 Xi,

the parity acts as X ′
i → e

2πi
ki+2

(mi+ni+nσ(i))X ′
σ(i). Therefore there is an equivalence relation

m ≡ m′ if and only if

m′
i = mi + ni + nσ(i) (mod ki + 2).

The FI-theta parameter t is unconstrained but the parameters (ai) that deforms the su-

perpotential are constrained to be essentially real, G( e
2πimi
ki+2 Xσ(i), ai) = G(Xi, ai).

B-parities. B-parities of the single U(1) gauge system (2.1) are ΩB combined with V →
V and

τB
m,σ :

P −→ −P,

Xi −→ e
2πimi
ki+2 Xσ(i)

(2.14)

where σ is an order two permutation with kσ(i) = ki and

mi + mσ(i) = 0 (mod ki + 2)

so that it is involutive. For the variable X ′
i = e

2πini
ki+2 Xi, the parity acts as X ′

i →
e

2πi
ki+2

(mi+ni−nσ(i))X ′
σ(i). Thus m and m′ are equivalent if and only if

m′
i = mi + ni − nσ(i) (mod ki + 2).

The FI-Theta parameter is constrained to be real et = et, while the complex structure

parameters ai are required to obey G( e
2πimi
ki+2 Xσ(i), ai) ≡ G(Xi, ai).

2.2.2 Gepner point

The parity symmetries we have considered above, PA
m,σ = τA

m,σΩA and PB
m,σ = τB

m,σΩB,

are of course symmetries at the Gepner point. Since P has an expectation value 〈P 〉, it

is understood that a gauge transformation is used so that 〈τm,σP 〉 = 〈P 〉. For A-parity,

taking 〈P 〉 real, the transformation of the LG fields Xi is the same as in (2.13)

τA
m,σ : Xi −→ e

2πimi
ki+2 Xσ(i),

while for B-parity (2.14) is combined with the gauge transformation eiλ = eπi/H :

τB
m,σ : Xi −→ e

2πimi
ki+2 e

πi
ki+2 Xσ(i).

– 13 –



J
H
E
P
0
2
(
2
0
0
7
)
0
0
1

At the Gepner point, there are extra symmetries called the quantum symmetries which

form a group Γ̂ ∼= ZH . The quantum symmetry gω associated with an H-th root of unity ω

multiplies the γ`-twisted states by the phase ω`. It acts on the mirror variables X̃1, . . . , X̃r

as

gω : X̃i 7−→ ωiX̃i; ωki+2
i = 1 (∀i), ω1 · · ·ωr = ω. (2.15)

The monomial X̃1 · · · X̃r is not invariant under gω with ω 6= 1 and quantum symmetry is

completely broken if et 6= 0. For other deformations it is broken to a subgroup.

One can use this quantum symmetry to modify the parity symmetry. Thus, we have

a larger set of parity symmetries at the Gepner point:

PA
ω;m,σ = gωτA

m,σΩA, (2.16)

PB
ω;m,σ = gωτB

m,σΩB. (2.17)

Actually, not all of them are involutive and not all of them are inequivalent. For A-type,

the parity acts on the dual variables as ΩA combined with X̃i → ωi e
πi

ki+2 X̃σ(i). This is

involutive if and only if ω2 = 1, namely

ω =

{
1 H odd,

±1 H even.
(2.18)

For B-type, the parity action is ΩB combined with X̃i → ω−1
i X̃σ(i). This is always involu-

tive. However, some of them can be undone by a change of variables. Dressing by gω and

gω′ are equivalent if and only if

ω′ = α2ω, αH = 1.

If H is odd, there is no non-trivial involutive dressing by quantum symmetry. For A-

type, dressed parity is not involutive unless gω = 1. For B-type, any dressing is equivalent

to no dressing.

If H is even, there is essentially a unique non-trivial involutive dressing by quantum

symmetry. For A-type, it is the dressing by the order 2 element g−1. Since X̃1 · · · X̃r flips

its sign under g−1, the dressed parity is not a symmetry if et 6= 0. Thus, the Kähler

modulus corresponding to the overall size is frozen at et = 0 if we require this parity to

be a symmetry. For B-type, it is the dressing by the primitive element gω, ω = e2πi/H . It

maps the monomial X̃1 · · · X̃r to e2πi/HX̃1 · · · X̃r. Thus, the condition of parity invariance

is shifted from et/H = et/H to et/H e2πi/H = et/H . In terms of the invariant coordinate

et = ( et/H )H , the condition is et ∈ R≥0 if not dressed by quantum symmetry while it is

et ∈ R≤0 if dressed by odd quantum symmetry.

2.2.3 Type II orientifolds

Let us consider Type II string theory on R3+1 times our internal CFT, and gauge the

worldsheet parity symmetry P which acts trivially on the 3 + 1 spacetime coordinates but

acts on the internal CFT as one of the above parities (A-type or B-type). This is the Type
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chiral multiplets vector multiplets

IIAO(6) h1,1
− + h2,1 + 1 h1,1

+

IIBO(9,5) h2,1
+ + h1,1 + 1 h2,1

−

IIBO(7,3) h2,1
− + h1,1 + 1 h2,1

+

Table 1: Light Fields from Closed Strings

IIA or Type IIB orientifold. (The original papers on more general orientifolds are [43 – 47].)

To make it consistent, we need to add either D-branes or fluxes. This is one of our main

themes of this paper. For now, let us discuss aspects that are independent of how it is

done.

Since the left movers and right movers of the string modes are identified by the parity,

N = 2 supersymmetry will be broken to at most N = 1 supersymmetry. Use of A-parity for

Type IIA string and B-parity for Type IIB string is the necessary condition for preserving

an N = 1 supersymmetry. (Whether it is preserved in the full theory depends on what we

add (D-branes and fluxes), and this is another main topic of the latter part of this paper.)

As in the case before orientifold, the worldsheet moduli give rise to light fields of the

spacetime theory. We have seen that these moduli are constrained by the requirement that

the parity is a symmetry of the worldsheet. The light fields are constrained accordingly.

Together with light fields from the NS-R, R-NS and R-R sectors, they constitute N = 1

supermultiplets. The pattern at the large volume is analyzed in [17] and is summarized

in table 1. Here IIAO(6) is for Type IIA orientifolds, where “6” is because we generically

have orientifold 6-planes. IIBO(9,5) is for Type IIB orientifolds with O9 or O5-planes and

IIBO(7,3) is for Type IIB orientifolds with O7 and/or O3-planes. Also, hp,p̄
± are the num-

ber of harmonic (p, p̄)-forms that are invariant/anti-invariant under the involution. Note

that, even when the worldsheet moduli receive antiholomorphic constraints (for example,

complex structure moduli by A-parity and Kähler moduli by B-parity), they combine with

periods of RR-potentials and form complex scalars of N = 1 chiral multiplets.

2.3 Examples

Let us study the parity symmetries discussed above in typical examples with odd and

even H’s — the quintic (ki + 2) = (5, 5, 5, 5, 5) with H = 5 and the two parameter model

(ki + 2) = (8, 8, 4, 4, 4) with H = 8.

2.3.1 Quintic

This case is studied in detail in [17]. As we have seen above, there is no non-trivial

involutive dressing by quantum symmetry. Also, one can show there is no non-trivial

involutive dressing by the Z4
5 global symmetry: m that determines an involutive parity is

equivalent to 0. Thus, the parity is determined purely in terms of σ ∈ S5, σ
2 = 1. Up to

permutation of variables, there are only three cases: σ = id, (12) and (12)(34).

The table shows the projected moduli as well as O-planes in the geometric phase, for

these six orientifolds.
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parity moduli (K,C) O-planes

PA
id (1C, 101R) O6 at the real quintic ∼= RP3

PA
(12) (1C, 101R) O6 at an RP3

PA
(12)(34) (1C, 101R) O6 at an RP3

PB
id (1R, 101C) O9 at M

PB
(12) (1R, 63C) O3 at a point and O7 at a hypersurface

PB
(12)(34) (1R, 53C) O5’s at a rational and a genus 6 curves

Table 2: Six Orientifolds of Quintic

Gepner point

0

conifold point

te

−5 5
large volume

B=

limit

large volume

B=

limit

0 π

Figure 1: Kähler moduli space for a B-orientifold of the quintic

For all three B-type orientifolds, the Kähler moduli space is the real line et = et as

depicted in figure 1. It passes through the Gepner point, is broken at the conifold point

and extends to the two large volume regions — one with B = 0 and another with B = π.

The Gepner point is connected along et > 0 to the B = π asymptotic region, as follows

from (2.10). The path along et < 0 is blocked by the conifold singularity.

2.3.2 A two parameter model

In the example (8, 8, 4, 4, 4), there is a unique non-trivial and involutive dressing by quan-

tum symmetry. Also, there are several non-trivial and involutive dressing by the global

symmetry Z8 ×Z3
4. Here, since there are already a variety of ways to choose m for a fixed

σ, we only consider the σ = id cases.

For A-type parity, Xi → e
2πimi
ki+2 Xi, m obey the equivalence relation mi ≡ mi + 2ni

and mi ≡ mi + 1, and there are six independent choices m = (00000), (00001), (00011),

(00111), (01000), (01001). Under the quantum symmetry g−1, the term X̃1 · · · X̃5 in the

dual superpotential (2.12) flips its sign while X̃4
1X̃4

2 is invariant. Thus, if dressed by

the quantum symmetry g−1, the Kähler modulus t = 2t1 + t2 is frozen at et = 0 but

et2 is unconstrained. If not dressed by quantum symmetry, the Kähler moduli are both
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unconstrained. In the regime t1, t2 À 0, one can talk about the geometry. τA
m acts as an

antiholomorphic involution, and the fixed point set is Xi = e
πimi
ki+2 xi, and X6 = x6, where

xi are all real, obey

(−1)m1x8
1x

4
6 + (−1)m2x8

2x
4
6 + (−1)m3x4

3 + (−1)m4x4
4 + (−1)m5x4

5 = 0,

and are subject to the gauge conditions of the GLSM preserving the reality condition. The

determination of the topology of the resulting fixed point sets can sometimes be a little

cumbersome. This problem has been studied in [48] and we review here the parity PA
00001

as an example. The topology of this O-plane can be obtained by studying the solutions of

the real equation

x4
6(x

8
1 + x8

2) + x4
3 + x4

4 = x4
5

subject to the rescaling

(x1, x2, x3, x4, x5, x6) ≡ (λx1, λx2, µx3, µx4, µx5, λ
2µx6)

with λ, µ ∈ R∗. Thus, we have to require x5 6= 0, whereupon we can set x5 to one by

rescaling with µ. The second rescaling can be absorbed by noting that x8
1 + x8

2 > 0 in

the large volume phase. After changing variables to x8
1 = y2

1 , x8
2 = y2

2 , x4
6 = y2

6, x4
3 = y2

3,

x4
4 = y2

4 , the constraints become y2
6 + y2

3 + y2
4 = 1, y2

1 + y2
2 = 1, with non-trivial Z2

identification (y1, y2, y3, y4, y6) ≡ (−y1,−y2, y3, y4, y6) (from λ = −1). Thus, topologically,

this O-plane is S2 × RP1 = S2 × S1.

We refer to [48] for the remaining cases, and summarize the results in table 3. We

do not know a simple description of the O-plane for the parity PA
01001, except that it has

Betti numbers b0 = 1 and b1 = 2. We have also indicated in table 3 that even though the

number of moduli from complex structure deformations (86 real parameters) is always the

same, each parity selects a different real section of the moduli space. In particular, these

sections can intersect in different ways with singular loci, as we will illustrate below.

For B-type parity, Xi → e
2πi(mi+1/2)

ki+2 Xi, m is constrained by 2mi = 0 (mod ki + 2)

and obey the equivalence relation mi ≡ mi + 1. There are eight choices described by the

signs εi = e
2πimi
ki+2 : (ε1ε2ε3ε4ε5) = (+ + + + +), (+ + − + +), (+ + − − +), (+ + − − −),

(+−+++), (+−−++), (+−−−+), (+−−−−). If dressed with gm
ω with ω = e2πi/8, the

monomials X̃1 · · · X̃5 and X̃4
1 X̃4

2 of the dual variables are transformed to e2πim/8X̃1 · · · X̃5

and eπimX̃4
1 X̃4

2 respectively. The symmetry condition W̃ → W̃ is satisfied by the dual

superpotential (2.12) if e2πim/8 et1/4+t2/8 = et1/4+t2/8 and eπim et2/2 = et2/2. It follows

from this that the Kähler moduli are constrained by

not dressed by quantum symmetry: et1 ∈ R, et2 ∈ R≥0 (2.19)

dressed by odd quantum symmetry: et1 ∈ R, et2 ∈ R≤0, (2.20)

Each of these have two large volume regions classified by the B-field. By using (2.10)

and the charge table (2.7), one learns that in the case (2.19) the B-field can be B = 0 or

B = πω1, while in the case (2.20), we have B = πω2 or B = πω1 + πω2.
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parity moduli (K,C) O-planes

PA
+;00000 (2C, 86R) No O-plane

PA
−;00000 (1C, 86R) non-geometric

PA
+;00001 (2C, 86′

R
) O6 at an S2 × S1

PA
−;00001 (1C, 86′

R
) non-geometric

PA
+;00011 (2C, 86′′

R
) O6 at a T 3

PA
−;00011 (1C, 86′′

R
) non-geometric

PA
+;00111 (2C, 86′′′

R
) O6 at an S2 × S1

PA
−;00111 (1C, 86′′′

R
) non-geometric

PA
+;01000 (2C, 86′′′′

R
) O6 at an S3

PA
−;01000 (1C, 86′′′′

R
) non-geometric

PA
+;01001 (2C, 86′′′′′

R
) O6 at a SLAG with b0 = 1, b1 = 2

PA
−;01001 (1C, 86′′′′′

R
) non-geometric

Table 3: A-type Orientifolds (with σ = 1) of the Two Parameter Model

To describe this real section of the moduli space of the two parameter model in some-

what more detail, we recall from [31] that by introducing

ξ = et2+2t1 η = et2 ζ = et1+t2 ,

we can embed the parameter space as the quadric

Q = {ξη − ζ2 = 0} (2.21)

in C3. In these coordinates, the singularities in the parameter space of the mirror three-

fold (2.12) appear at the curves

C1 = Q ∩ {η = 4} (2.22)

Ccon = Q ∩ {2−16ξ + η − 2−7ζ = 4} . (2.23)

The real moduli space, Q ∩ {ξ, η, ζ ∈ R} is an ordinary double cone, which consist of the

components Q+ = Q∩{ξ, η > 0}, and Q− = Q∩{ξ, η < 0}, meeting at the tip ξ = η = ζ = 0

(Gepner point). In fact, from (2.19) and (2.20), we see that the real Kähler moduli space

of the orientifold without (with) dressing by quantum symmetry is given by Q+ (Q−).

Moreover, the real versions of C1 and Ccon are ordinary cone sections, and it is easy to

check that they are parabolas and lie completely in Q+. Since they intersect transversely

and have co-dimension one, if we do not dress by quantum symmetry, the Gepner point

is completely separated from the two large volume regimes. In that case, it is not possible

to connect the Gepner point with a geometric interpretation of the orientifold without

running into a singularity of the worldsheet theory. If dressed by odd quantum symmetry,

the moduli space and singular loci do not meet, so that Gepner point is connected to the

corresponding two large volume regimes.
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C0

C1

Ccon

C∞

a

b

d
e

g

Figure 2: Real section of the Kähler moduli space of the two parameter model (ki + 2) =

(8, 8, 4, 4, 4). The Gepner point g is at the tip of a conical singularity. The left cone is the moduli

space of the orientifold without dressing by quantum symmetry. The lines of singularity C1 and

Ccon divide the moduli space into several perturbative regions. The right cone (shaded region),

which reaches out all the way to the large volume regime, is the moduli space of the orientifold with

dressing by quantum symmetry.

In order to capture its global structure, it is convenient to compactify the moduli

space by adding a divisor C∞ at infinity. As explained in [31], the compactification can be

achieved by embedding Q in (2.21) in the projective space P3, which by abuse of notation we

coordinatize with [ξ : η : ζ : τ ]. In addition to C1 and Ccon, we then have the distinguished

locus C∞ = Q ∩ {τ = 0}, which also corresponds to a degeneration of (2.12). We also

have the “orbifold locus” C0 = {ξ = ζ = 0} ⊂ Q, which contains the Gepner point

g = [0 : 0 : 0 : 1]. We show a picture of this compactified parameter space and the location

of the singular loci C0, C1, Ccon, and C∞ in figure 2. It is important to emphasize that in

distinction to Ccon and C1, C0 and g do not lead to a singular worldsheet theory.

Also, C∞ simply corresponds to the boundary of the uncompactified moduli space

in the usual sense. In particular, the large volume limit has been hidden inside of C∞
by the compactification process. To recover this (unique) large volume limit, we need to

blow up the point b, where the two divisors C1 and C∞ intersect non transversely. Near

C∞, we can work in the patch ξ = 1 of P3, in which our real moduli space is given by

the equation η = ζ2, with τ arbitrary. In this patch, C1 is given by τ = η = ζ2, while

C∞ is given by τ = 0. A real blowup of the origin corresponds to replacing a small disc

around ζ = τ = 0 with a Möbius strip. The exceptional divisor (called D(−1,−1) in [31]) of
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D(0,−1)

D(−1,−1)

D(−1,−1)

D(−1,−1)

C1

C1

C1

C∞C∞C∞

Figure 3: To see the large volume limit in the compactified moduli space, we have to blowup

the singular point b = C1 ∩ C∞. We replace twice a small neighborhood of the origin with a

Möbius strip, successively inserting the divisors D(−1,−1) and D(0,−1). The multiply stroked lines

are identified. The shaded region can be reached smoothly from the Gepner point.

this blowup is simply the non-trivial one-cycle of the Möbius strip. In simple terms, the

blowup means that when approaching the origin along some path, we keep track of the

first derivative dτ/dζ, and we do not reach the same point depending on the value of this

derivative. It is easy to see from this description that now C1, C∞, and D(−1,−1) meet at

a triple intersection, and we have to perform a second blowup, replacing the origin by the

exceptional divisor D(0,−1). The large volume point is now the unique intersection point

D(0,−1) ∩ C∞. In this way, we have recovered the description of the large volume limit as

a cylinder (t1, t2) ≡ (t1 + 2πi, t2) ≡ (t1, t2 + 2πi). We show this sequence of blowups in

figure 3.

This description puts us in a position to illustrate geometrically the statements on the

structure of the large volume region that we have made above. The (real) neighborhood of

the large volume point is divided by D(0,−1) and C∞ into four quadrants, which are geo-

metrically distinguished by the value of the B-field. By following the sequence of blowups

and the global picture in figure 2, we see that starting from the Gepner point g, we can

reach two of these quadrants without crossing a singularity, but not the other two.

We will use this description of the moduli space in section 7 when we discuss the

comparison between Gepner model boundary and crosscap states and large volume.

Let us describe the topological structure of the orientifold planes corresponding to each

of the involutions τB
ε that we have defined above. In the large volume regime, τB

ε acts on

the manifold as the holomorphic involution Xi → εiXi and X6 → X6. The fixed point set

is the loci with εiXi = λ2Xi (i = 1, 2), εiXi = λ1Xi (i = 3, 4, 5), X6 = λ1λ
−2
2 X6. The

solutions in the eight cases are:

1. (+ + + + +): No condition (the whole manifold M).

2. (+ + − + +): X3 = 0 (a hypersurface).

3. (+ + −− +): X3 = X4 = 0 (a curve of genus 9) and X5 = X6 = 0 (four lines)

4. (+ + −−−): X3 = X4 = X5 = 0 (eight points) and X6 = 0 (a hypersurface).
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parity moduli (K,C) O-planes

PB
0;+++++ (2R, 86C, . . . , 83C)

O9 at M
PB

1;+++++ (2′
R
, 86C)

PB
0;++−++ (2R, 57C, . . . , 56C)

O7 at a hypersurface
lPB

1;++−++ (2′
R
, 57C)

PB
0;++−−+ (2R, 46C, . . . , 47C)

O5’s at four rational and a genus 9 curves
PB

1;++−−+ (2′
R
, 46C)

PB
0;++−−− (2R, 41C, . . . , 44C)

O7 at a hypersurface and O3’s at eight points
PB

1;++−−− (2′
R
, 41C)

PB
0;+−+++ (2R, 53C, . . . , 56C)

O7’s at two homologous K3 hypersurfaces
PB

1;+−+++ (2′
R
, 53C)

PB
0;+−−++ (2R, 46C, . . . , 47C)

O5’s at two homologous genus 3 curves
PB

1;+−−++ (2′
R
, 46C)

PB
0;+−−−+ (2R, 45C, . . . , 44C)

O3’s at sixteen points
PB

1;+−−−+ (2′
R
, 45C)

PB
0;+−−−− (2R, 46C, . . . , 43C)

O5’s at two homologous genus 3 curves
PB

1;+−−−− (2′
R
, 46C)

Table 4: B-type Orientifolds (with σ = 1) of the Two Parameter Model

5. (+ − + + +): X1 = 0 or X2 = 0 (two hypersurfaces). The two are homolo-

gous since they are two fibers of the K3-fibrations (with base {(X1,X2)} and fibers

{(X3,X4,X5,X6)}).

6. (+ − − + +): X1 = X3 = 0 or X2 = X3 = 0 (two genus 3 curves). They are

homologous to each other.

7. (+ − − − +): X1 = X5 = X6 = 0 (four points), X1 = X3 = X4 = 0 (four points),

X2 = X5 = X6 = 0 (four points), X2 = X3 = X4 = 0 (four points).

8. (+ − − − −): X1 = X6 = 0 or X2 = X6 = 0 (two genus 3 curves). They are

homologous to each other.

These are included in table 4.

To conclude this section, we count the number of complex structure moduli in these

orientifolds. This can be done by looking at the parity action on the corresponding chiral

primary states. To see the action, we first consider the parities PB
ω;+++++ that correspond

to the identity of M in the large volume. In such a case, we know that the complex structure

moduli is unconstrained. Thus the number of moduli is full 86. Let us now go to the Gepner

point along some path in the Kähler moduli space. As we have seen this can be done only

for the parity PB
1;+++++ dressed by an odd quantum symmetry. By continuity the number
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of moduli at the Gepner point is still 86. Thus, we find that PB
1;+++++ acts trivially on all

the marginal (c, c) primaries. Since other parities are obtained from PB
1;+++++ by dressing

global or quantum symmetries (whose action we know), we now know the action of all the

parities PB
ω;m on the marginal (c, c) primaries, at the Gepner point. In this way, we find

the number of complex moduli at the Gepner point.

Remarks.

(i) By continuity the number of moduli found at the Gepner point applies everywhere

in the Kähler moduli space for the parities PB
1;ε1...ε5 . This in particular tells us the

number of moduli in the large volume limit. The numbers are listed in table 4. (It is

an interesting exercise to check these numbers directly by analyzing geometry.)

(ii) In the large volume regime, the only difference between P1;ε1...ε5 and P0;ε1...ε5 is the

value of the B-field. Thus, the number found in (i) is still applicable for P0;ε1...ε5, in

the large volume regime.

(iii) On the other hand, one can analyze the action of P0;ε1...ε5 at the Gepner point (as

stated above). The action is the same as P1;ε1...ε5 on the untwisted sector states but

differs from that by − sign on the twisted sector states. Thus, if n twisted ground

states survive the P1;ε1...ε5-projection, then the other (3 − n) survive the P0;ε1...ε5-

projection.

(iv) Thus, the number of moduli is different between the Gepner point and the large

volume regimes for the P0,ε1...ε5-orientifolds. This is not a puzzle from the worldsheet

point of view, because the two regions are separated by the singularity locus. There

are also two other regions and the number of moduli there could be different as well.

In table 4, we only show the number at the large volume and at the Gepner point,

and simply write dots . . . for the other two regions.

We have seen that the complex structure moduli can jump from from one component to

another of the real Kähler moduli space. This tells us something about the full string theory.

As we have discussed, the real Kähler moduli are combined with RR-potentials to form

complex parameters (which become the lowest components of N = 1 chiral superfields of

the spacetime theory). An interesting problem is to find the behaviour near the singularity.

One possibility is that one can go around the singular loci by turning on the RR-potential,

so that the separate regions of the real Kähler moduli space are smoothly connected to

each other in the full moduli space (figure 4(a)). This happens in other situations, such as

the flop transition [36, 49]. This possibility is, however, eliminated in the present case by

the jump in the dimension of the complex structure moduli space. One picture consistent

with the jump is that the moduli space consists of a number of branches (figure 4(b)), and

the components of the real moduli space belong to different branches so that they can have

different dimensions. Another possibility is that the singularity is at infinite distance and

the two components are disconnected. Of course, the jump does not necessarily occur (an

example is the case of quintic), and in such a case, at this stage we do not know whether one
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(b)

(a)

Figure 4: Two possibilities of complexifying the real moduli space with a codimension one singu-

larity. (a) One can go around the singularity and the two parts are smoothly connected. (b) The

moduli space consists of branches. Any path from one region to the other must go through the sin-

gular point. Third possibility (not shown in figure) would be that the two regions are disconnected.

can go around the singular loci by turning on RR-potentials. It is an interesting problem

to find out what is the right picture in full string theory.

3. Tadpole states of the Gepner model

The main purpose of the present paper is to construct consistent Type II orientifolds on

Calabi-Yau manifolds and Gepner models, with and without spacetime supersymmetry.

In the discussion of consistency and spacetime supersymmetry, it is useful to study the

“tadpole state” [50, 51], which is the sum of boundary and crosscap states:

|T 〉 = |B〉 + |C〉 = |B〉
NSNS

+ i|B〉
RR

+ i|C〉
NSNS

+ i|C〉
RR

(3.1)

and the “bra” version

〈θT | = 〈θBtot| + 〈θCtot| = NSNS〈B| + iRR〈B| − iNSNS〈C| + iRR〈C|. (3.2)

The relative phases between the various terms in the tadpole state have been chosen so

that, precisely as in [50], taking the overlap of “bra” and “ket” state one obtains correctly

projected amplitudes in the loop channel.

The NSNS and RR parts are

|B〉NSNS = |B+〉NSNS − |B−〉NSNS,

|B〉
RR

= |B+〉RR
− |B−〉RR

,

|C〉
NSNS

= |C(−1)FRP 〉 − |C(−1)FL P 〉,
|C〉

RR
= |CP 〉 − |C(−1)F P 〉.

(3.3)

Here B+ and B− corresponds to the boundary conditions with the opposite spin structures,

and P is an involutive parity symmetry of the total system. Each term on the right hand
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sides of (3.3), say |CP 〉, can be written as the tensor product of the spacetime part and

internal part:

|spacetime〉 ⊗ |internal〉.
The spacetime part is associated with the Neumann boundary condition (for boundary

state) and the standard parity Ω (for the crosscap states), and is given by the standard

coherent state of the D free bosons/fermions, the ghost and the superghosts. The internal

part depends on the detail of D-branes and orientifold.

In this section, we construct the internal part of the crosscap states corresponding

to the orientifolds introduced in the previous section. We also reconstruct the rational

boundary states of Gepner models from a perspective which is somewhat different from

the one in the literature. The Cardy-PSS construction [5, 8] and its generalizations are

usually formulated in the language of purely bosonic rational conformal field theories. In

particular, in [10, 13, 11], formulas are developed for crosscaps and boundary states of

rational conformal field theories with arbitrary simple-current modular invariants. The

Gepner model, which is based on an N = 2 supersymmetric CFT, can in principle be

formulated in this language, so that the general results are applicable. On the other hand,

in [14], general results were derived on boundary and crosscap states in rational conformal

field theories directly in the supersymmetric language, and using orbifold instead of simple-

current techniques. In following this approach, we will find that it is a lot simpler.

3.1 Construction of the crosscap states

The crosscap states of the Gepner model can be constructed as a straightforward application

of the general method [14]. Let X be a bosonic conformal field theory with a finite abelian

symmetry group G with which one can define an orbifold X/G. Suppose X has a parity

symmetry P that commutes with the G-projection operator
∑

g∈G g/|G|. Then, a parity

symmetry is induced in the orbifold theory, which is denoted again by P , with the crosscap

state

|CP 〉orb =
1√
|G|

∑

g∈G

|CgP 〉. (3.4)

Here |CgP 〉 are the crosscap states for the parity symmetry gP of X , which are supposed

to obey

〈CgP |qH
t |ChP 〉 = Tr

Hgh−1

[
hPqH

l

]
, ∀g, ∀h, (3.5)

in which Hgh−1 is the space of states on the circle with gh−1-twist. Indeed the Klein bottle

amplitude

orb〈CP |qH
t |CP 〉orb =

1

|G|
∑

g,h

〈CgP |qH
t |ChP 〉 =

1

|G|
∑

g,h

Tr
Hgh−1

[
hPqH

l

]

=
∑

g′∈G

Tr
Hg′

[(
1

|G|
∑

h∈G

h

)
PqH

l

]

is the trace of PqH
l over the space of states of the orbifold theory, Horb = ⊕g′∈GHG

g′ . The

crosscap state for the parity dressed with the quantum symmetry gω associated with a
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character ω : G → U(1) is

|CgωP 〉orb =
1√
|G|

∑

g∈G

ω(g)−1|CgP 〉. (3.6)

If X has fermions, with mod 2 fermion number (−1)F , the above story applies, with the

condition (3.5) modified as

〈Cg(±)F P |qH
t |ChP 〉 = Tr

H
(∓1)F gh−1

[
(−1)F hPqH

l

]
, ∀g, ∀h. (3.7)

Note that H(−1)F and Hid are the NSNS and the RR sectors respectively.

In what follows, we apply this method to the Gepner model, which is the orbifold of

the product of the minimal models
∏r

i=1 Mki
with respect to the group Γ ∼= ZH .

3.1.1 A-type

We first consider A-parities of the Gepner model PA
ω;m = gωτA

mΩA, where ω (an H-th

root of unity) parametrizes the quantum symmetry and m = (m1, . . . ,mr) labels the∏r
i=1 Zki+2/ZH global symmetry. They are the ones induced from the parity symmetry of

the product theory
∏r

i=1 Mki

PA
m = (gm1PA, . . . , gmrPA),

where PA is the basic A-parity of the N = 2 minimal model associated with the transfor-

mation X → Ω∗
AX of the LG field. We note that gPAg−1 = g2PA.

The crosscap states for the A-parities gmPA of the minimal model and their cousins

(−1)F gmPA, (±1)F gmP̃A (where P̃A = e−πiJ0PA) are obtained in [17] as follows

|C(±1)F gmPA
〉 = |C2m−1,−1(±)〉, (3.8)

|C(±1)F gm ePA
〉 = |C2m,0(∓)〉. (3.9)

Here

|Cn,s(±)〉 = ε±s (−1)
n−s

2

(
σs

n,s√
2
|Cn,s〉 ∓

σs
n,s+2√

2
|Cn,s+2〉

)
, (3.10)

where

σs
n,s′ = e

πi
“
− n2

4(k+2)
+ s2

8

”

e−πih0ns′ ,

ε±1 = ε±−1 = 1, ε±0 = ε∓2 = e±
πi
4 ,

and |Cn,s〉 are the PSS crosscaps of the GSO projected model SU(2)k×U(1)2
U(1)k+2

,

|Cn,s〉 =
∑

(l′m′s′)∈Mk

P l′m′s′
0ns√
S l′m′s′

000

|C , l′,m′, s′〉〉.

In [17], the overall phase of these crosscaps are not determined. Here, we fix the phases as

above, for the following reason.
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π m
k+2

Figure 5: The O-plane corresponding to |C2m−1,−1(+)〉. This is the example with k + 2 = 8 and

m = 2.

The n-dependent part of the phase is important because this will affect the sum over

the orbifold group elements, as in (3.4) or (3.6). The above choice is motivated by the

transformation property under g as well as the periodicity under n → n + 2(k + 2), as we

now describe. One can show that the symmetry g acts on these states as

g : |Cn,s(±)〉 7−→ |Cn+4,s(±)〉. (3.11)

This is in accord with the fact that gPAg−1 = g2PA and hence that g|C···gmPA
〉 is propor-

tional to |C···gm+2PA
〉. What (3.11) means is that they are not just proportional but equal,

under the identification (3.8)–(3.9) with the definition (3.10). Also note the periodicity

|Cn+2(k+2),s(±)〉 = (−1)s|Cn,s(±)〉. (3.12)

The crosscap states that lie in the RR-sector have a double periodicity n ≡ n + 4(k + 2).

Thus, with the above choice of the n-dependence of the phase, these crosscaps corresponds

precisely to the oriented O-planes in the LG model; |C2m−1,−1(±)〉 corresponds to the O-

plane at X = e
πim
k+2 x, x ∈ R, with the orientation that goes from positive x to negative

x. See figure 5. As shown in [17], it has the right integral RR-charge: overlap with the

RR-boundary states produces the correct results for the parity-twisted open string Witten

indices — the intersection number.

The phase factor ε±0 = ε∓2 = e±
πi
4 is also added to the NSNS part of the crosscap

state, in order to simplify the expression of the tension of the O-plane. In fact, we need

the O-plane tension to be real in the end. Namely, we need the reality of the overlap of

the crosscap with the NSNS ground state |0〉
NSNS

, in the Gepner model. With the above

choice, the overlap in the minimal model is

NSNS
〈0|C2m,0(±)〉 =





√
2

(k+2) sin( π
k+2

) cos
(

π
2(k+2)

)
k odd,

√
2

(k+2) sin( π
k+2

) exp
(
± (−1)mπi

2(k+2)

)
k even.

(3.13)
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If k is odd, this is already real and is therefore the right choice. If k is even, this is a

non-trivial phase. However, as we will see, in the average over the orbifold group elements

γν (ν ∈ ZH), the terms from even ν and the terms from odd ν have the opposite phase

thanks to the (−1)m in (3.13), and the result of the average is real or pure imaginary

depending on ω = 1 or −1. Thus, we will simply need to multiply ω
1
2 = ±1 or ±i in the

final expression. (See section 3.3.)

Applying the general method, we find that the crosscap states for gωPA
m = PA

ω;m and

their cousins (including P̃A
ω;m = e−πiJ0PA

ω;m) are given by

|C(±1)F P A
ω;m

〉 =
1√
H

H∑

ν=1

ω−ν |Cγν(±1)F PA
m
〉prod, (3.14)

|C(±1)F eP A
ω;m

〉 =
1√
H

H∑

ν=1

ω−ν |C
γν(±1)F ePA

m
〉prod. (3.15)

in which

|Cγν(±1)F PA
m
〉prod = (−1)

P
i

ν
ki+2

r⊗

i=1

|C2mi+2ν−1,−1(±)〉, (3.16)

|Cγν(±1)F ePA
m
〉prod =

r⊗

i=1

|C2mi+2ν,0(∓)〉. (3.17)

The sign factor (−1)
P

i
ν

ki+2 is introduced in the RR-crosscap, in order to maintain the

periodicity under ν → ν + H, which can be shown using (3.12). As mentioned above, we

need to multiply the NSNS-part of the crosscap state |C(±1)F eP A
ω;m

〉 by a phase ω
1
2 , in order

for the O-plane tension to be real. This will be taken care of when we discuss the total

crosscap state in string theory in the last subsection 3.3.

By the property (3.11) of each factor, we find the relation

γν |CPA〉prod = |Cγ2νPA〉prod (3.18)

where PA is one of γν′
PA

m or any of their cousins. This is in accord with the relation

γ2νPA = γνPAγ−ν . Using this property, we can rewrite the crosscap states in a useful

way:

H odd

If H is odd, the set {γνPA}ν∈ZH
is the same as {γ2νPA}ν∈ZH

. Then, the crosscap

state for the parity PA induced from PA is simply

|CP A〉 =
1√
H

H∑

ν=1

γν |CPA〉prod. (3.19)

This state is manifestly Γ-invariant. Note that there is no involutive dressing by

quantum symmetry if H is odd.
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H even

If H is even, {γνPA}ν∈ZH
splits into the union of {γ2νPA}ν∈ZH/2

and

{γ2ν+1PA}ν∈ZH/2
. The crosscap states for the parity PA or the one dressed by the

involutive quantum symmetry g−1 are given by

|Cg±P A〉 =
1√
H

H/2∑

ν=1

{
γν |CPA〉prod ± γν |CγPA〉prod

}
, (3.20)

which is also manifestly Γ-invariant.

3.1.2 B-type

The B-parities PB
ω;m of the Gepner model are the ones induced from the parity symmetry

of the product theory

PB
m = (gm1PB , . . . , gmrPB),

where PB is the basic B-parity of the minimal model associated with the transformation

X → e
πi

k+2 Ω∗
BX of the LG field.

The crosscap states for the B-parities gmPB of the minimal model and their cousins

(−1)F gmPB , (±1)F gmP̃B (where P̃B = eπiJ0PB) are obtained in [17] as follows

|C(±1)F gmPB
〉 = |C B

m,1(±)〉, (3.21)

|C(±1)F gm ePB
〉 = |C B

m,0(∓)〉. (3.22)

Here, for r ∈ Zk+2 and p ∈ {0, 1}

|C B
r,p(±)〉 =

1√
k + 2

∑

ν∈Zk+2

e2πi
ν(r+p/2)

k+2 VM |C2ν−p,−p(±)〉 (3.23)

where |Cn,s(±)〉 is the A-type crosscap defined in (3.10) and VM is the mirror auto-

morphism. More explicitly, |C B
r,p(±)〉 = εB±

p eπip 2r+p
k+2

(
1√
2
|C B

r0p〉 ± i√
2
|C B

r1p〉
)

in which

εB±
1 = ± e∓

πi
4 , εB±

0 = 1 and

|C B
rqp〉 :=

1

2(k + 2)

∑

n,s
even

e−πiθrq(n,s)+πi bQ(0pp)(0ns)VM |Cn+p.s+p〉 = e
−πip 2̂r+p

2(k+2)
+πip 2̂q+p

4 |Crqp〉′,

where

|Crqp〉′ = (2(k + 2))
1
4

∑

j

σj,2r+p,2q+p

Pk
2
j√

S0j

(−1)
2̂r+p−p

2
+q|C , j, 2r + p, 2q + p〉〉B

is the state denoted by |Crqp〉 in [17].3

3Here θrq(n, s) = − rn
k+2

+ qs
2

and bQa(b) = ha + hb − ha+b, and σj,n,s = (−1)hj,n,s−hj+hn−hs [17]. Also,

2̂r + p is 2r + p (mod 2(k + 2)) brought into the standard range [−k − 1, k + 2]. Same for 2̂q + p (mod 4).
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Applying the general method, we find that the crosscap states for (±1)F PB
ω;m and

(±1)F P̃B
ω;m are

|C(±1)F P B
ω;m

〉 =
1√
H

H∑

ν=1

ω−ν |Cγν(±1)F PB
m
〉prod, (3.24)

|C(±1)F eP B
ω;m

〉 =
1√
H

H∑

ν=1

ω−ν |C
γν(±1)F ePB

m
〉prod. (3.25)

in which

|Cγν(±1)F PB
m
〉prod =

r⊗

i=1

|C B
mi+ν,1(±)〉, (3.26)

|C
γν(±1)F ePB

m
〉prod =

r⊗

i=1

|C B
mi+ν,0(∓)〉. (3.27)

Alternatively one could start with the A-type parities in the mirror Gepner model,

which is the orbifold of the product of minimal models with the group Γ̃ ⊂ ∏
i Zki+2,

ν̃ = (ν̃1, . . . , ν̃r) ∈ Γ̃ ⇔ ∑r
i=1

νi
ki+2 ∈ Z (see section 2.1.3). In the mirror system, the

global symmetries are parametrized by m̃ = (m̃1, . . . , m̃r) ∈ ∏
i Zki+2 modulo shift by

ν̃ = (ν̃1, . . . , ν̃r) ∈ Γ̃, and the quantum symmetries are parametrized by ω̃ = (ω̃1, . . . , ω̃r),

ω̃ki+2
i = 1, modulo the relation ω̃ = ω̃′ ⇔ ∏

i(ω̃
′
iω̃

−1
i )eνi = 1 (∀ν̃ ∈ Γ̃). They correspond

respectively to the quantum symmetries ω and global symmetries m of the original Gepner

model, under the map

exp

(
− 2πi

mi

ki + 2

)
= ω̃i. (3.28)

ω = exp

(
2πi

r∑

i=1

m̃i

ki + 2

)
, (3.29)

Then, the parity PB
ω;m of the Gepner model corresponds to the parity PA

eω; em of the mirror

Gepner model, whose crosscap states are given by

|C(±1)F P A
eω;fm

〉 =
1√
|Γ̃|

∑

eν∈eΓ

ω̃−eν(−1)
P

i
eνi

ki+2

r⊗

i=1

|C2 emi+2eνi−1,−1(±)〉 (3.30)

|C(±1)F eP A
eω;fm

〉 =
1√
|Γ̃|

∑

eν∈eΓ

ω̃−eν
r⊗

i=1

|C2 emi+2eνi,0(∓)〉, (3.31)

where ω̃−eν is the short-hand notation for
∏

i ω̃
−eνi
i . It is straightforward to show that

|C(±1)F P B
ω;m

〉 = ω̃− em e
πi

P
i

emi
ki+2 VM |C(±1)F P A

eω;fm
〉 (3.32)

|C(±1)F eP B
ω;m

〉 = ω̃− emVM |C(±1)F eP A
eω;fm

〉 (3.33)

The two sets of crosscap states differ by phases. Actually, by the condition that PB
ω;m is

involutive, mi must be 0 or (ki + 2)/2, or ω̃i = ±1. Thus the overall factor ω̃− em common
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to all the four states is just a sign. On the other hand, the factor e
πi

P
i

emi
ki+2 is a non-

trivial phase that makes a real difference. It turns out that the one obtained from the

mirror theory is the right choice. This can be understood by noting that the parity twisted

Witten indices for open strings is automatically integral in the A-type crosscaps. Thus, we

modify the RR part of the crosscap in the original construction as

(3.24) −→ |C(±1)F P B
ω;m

〉 =
1√
H

H∑

ν=1

ω−ν− 1
2 |Cγν(±1)F PB

m
〉prod, (3.34)

where ω− 1
2 is identified as e

−πi
P

i
emi

ki+2 .

3.2 Boundary states

The construction of the boundary states is likewise a straightforward application of the

general method. Let X and G be as in the beginning of the previous subsection. We are

interested in constructing a D-brane boundary state in X/G from a D-brane B of X . If

B is not invariant under any element of G, B 7→ gB 6= B (g 6= 1), the boundary state is

simply the sum over the images

|B〉orb =
1√
|G|

∑

g∈G

g|B〉. (3.35)

If B is invariant under a subgroup H of G, the boundary states is the sum over images

gB (g ∈ G/H) as well as the twist h ∈ H

|B〉orb =
1√
|G|

∑

g∈G/H
h∈H

g|B〉h. (3.36)

Here |B〉h is the boundary state for B on the h-twisted circle. They are assumed to obey

the relation

h〈B|qH
t g|B〉h = Tr

HB,gB

[
hqH

l

]

where HB,gB is the space of B-gB open string states. Indeed the cylinder amplitude

orb〈B|qH
t |B〉orb =

1

|G|
∑

g1,g2∈G/H
h∈H

h〈B|g−1
1 qH

t g2|B〉h =
1

|H|
∑

g∈G/H
h∈H

h〈B|qH
t g|B〉h

=
∑

g∈G/H

Tr
HB,gB

[(
1

|H|
∑

h∈H

h

)
qH

]

is the sum over all possible pairs B-gB of the trace over the H-invariant open string states.

If we modify the action of H on the Chan-Paton factor, we obtain a different brane. The

brane associated with the proper H-action given by an H-character h 7→ ψ(h) ∈ U(1) has

the boundary state

|Bψ〉orb =
1√
|G|

∑

g∈G/H
h∈H

ψ(h)g|B〉h. (3.37)
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One may also want to include the effects of discrete torsion. As argued in [52], this

corresponds to having a projective representation of the orbifold group on the space of open

string states. At the level of boundary states, one uses the alternating bihomomorphism

ε : H × H −→ U(1) obtained from the discrete torsion to define a subgroup K of H for

each G-orbit of branes as

K = {k ∈ H; ε(k, h) = 1 ∀h ∈ H} . (3.38)

One obtains one elementary brane in the orbifold theory for each character k 7→ ψ(k) ∈ U(1)

of K. The corresponding boundary state is a slight modification of (3.37)

|Bψ〉orb =
1√
|G|

√
|H|
|K|

∑

g∈G/H
h∈H

ψ(h)g|B〉h, (3.39)

where the extension of ψ to H \ K is irrelevant. We note that by general properties of

group cohomology, the factor
√

|H|/|K| is always integer.

Rational boundary states of the Gepner model can be obtained as an application of

the methods described above. A-branes in the product theory are generically not invariant

under any element of the orbifold group (the case H = {id}) and thus the boundary states

in the orbifold model are simply the sum over images. This is how these states were first

written down in [6]. B-branes of the product theory, on the other hand, are all Γ-invariant

(the case H = G) and therefore the boundary states are simply the sum over Γ-twists.

This way of obtaining the B-type boundary states appears to be new, but we have found

it to to be equivalent to the procedure developed in [6, 11, 23]. In particular, as we will

see, the fixed point resolution prescription of [23] is correctly reproduced.

3.2.1 A-branes

A-branes in the minimal model are denoted as BA
L,M,S and are labeled by (L,M,S) ∈ Mk.

Shift of S-label by 2 is simply the orientation change — the sign flip of RR boundary states.

BA
L,M,S preserve the combination G+ − (−1)SG− of the (2, 2) superconformal symmetry.

The symmetry g shifts the M -label by 2. The boundary states on the NSNS and RR sectors

are given by

|BA
L,M〉NSNS =

1√
2
|BL,M,S〉 +

1√
2
|BL,M,S+2〉,

|BA
L,M,S〉RR

=
1√
2
|BL,M,S〉 −

1√
2
|BL,M,S+2〉,

where |BL,M,S〉 are the standard Cardy brane of the GSO projected model SU(2)k×U(1)2
U(1)k+2

:

|BL,M,S〉 =
∑

(lms)∈Mk

S lms
LMS√
S lms

000

|l,m, s〉〉.

In the LG model, they correspond to the D1-brane at the wedge-shaped lines cornering at

X = 0. The wedge corresponding to BA
L,M,S=1 is coming in from the direction arg(X) =
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k+2

k+2

(M+L+1)
π(M−L−1

π
)

Figure 6: The A-brane BA
L,M,S. This is the example (L, M, S) = (2, 5, 1) for k + 2 = 8.

π(M−L−1)
k+2 and going out to the direction arg(X) = π(M+L+1)

k+2 . Replacing S = 1 by S = −1

flips the orientation. See figure 6.

We are interested in the D-brane of the Gepner model corresponding to the product

brane

B
A
L,M,S = B

A
L1,M1,S1

× · · · × B
A
Lr ,Mr,Sr

.

We need Si all even or all odd (i.e. Li + Mi all even or all odd), so that either one of

G+∓G− is preserved. Orientation flip of even number of factors does not change the total

orientation. Thus the brane depends only on the total orientation S = [S] where [S] ≡ [S′]
if the number of factors with S′

i = Si + 2 is even. (If r is odd, S can be realized as the

sum S =
∑

i Si ∈ Z4.) The orbifold group element γν sends BA
L,M,S to BA

L,M+2ν,S (where

2ν = (2ν, 2ν, . . . , 2ν)). Thus generically, BA
L,M,S is not invariant under any element of the

orbifold group. Then, the boundary state is simply the sum over images

|BA
L,M〉

NSNS
=

1√
H

H∑

ν=1

r⊗

i=1

|BA
Li,Mi+2ν〉NSNS

(3.40)

|BA
L,M,S〉RR =

1√
H

H∑

ν=1

r⊗

i=1

|BA
Li,Mi+2ν,Si

〉RR . (3.41)

It is a simple exercise to show that, adding the transverse modes of the spacetime and

imposing chiral GSO projection, these lead to the boundary states obtained by Recknagel

and Schomerus [6].

The construction is different if the product brane is invariant under a non-trivial orb-

ifold group element, BA
L,M+2ν,S = BA

L,M,S, see [21, 22]. Branes of different M labels can

be the same because of the “Field Identification” (FI) (L,M,S) = (k−L,M +k+2, S +2).

Since FI is involutive we find that 2ν = 0 mod H. Thus, the stabilizer group is at most

the Z2 subgroup generated by γ
H
2 , which is possible only when H is even. Under the sym-

metry γH/2, the brane BA
L,M,S transforms to BA

L,M+(k+2) H
k+2

,S
. For the factor i such that
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Figure 7: 180◦ rotation reverses the orientation of the “straight-wedge” branes.

wi = H
ki+2 is even, the brane remains the same because BLi,Mi+2(ki+2),Si

= BLi,Mi,Si . For

the factor i such that wi is odd, the brane BLi,Mi,Si is transformed to BLi,Mi+ki+2,Si
. In

the LG picture, Mi → Mi + ki + 2 is rotation by π, under which a “straight-wedge brane”

(Li = ki
2 ) is mapped to itself with an orientation flip. See figure 7. Note that there are

even number of i’s such that wi is odd. (Remark (ii) in section 2.1.) The total orientation

is preserved even if the orientation is reserved for each of such i. Thus, the brane BA
L,M,S

is invariant under γH/2 if and only if Li = ki
2 for such i that wi is odd. The boundary state

is obtained as the application of the general formula (3.37):

|B̂(±) A
L,M 〉

NSNS
=

1√
H

H
2∑

ν=1

γν |BA
L,M〉prod

NSNS
± 1√

H

H
2∑

ν=1

γν |BA
L,M〉prod

(−1)F γH/2 , (3.42)

|B̂(±) A
L,M,S〉RR

=
1√
H

H
2∑

ν=1

γν |BA
L,M,S〉prod

RR
± 1√

H

H
2∑

ν=1

γν |BA
L,M,S〉prod

γH/2 , (3.43)

Note that the untwisted part is simply one half of (3.40) or (3.41). The boundary state

|BL,M,S〉prod

(∓1)F γH/2 is given by the product of the twisted states |BLi,Mi,Si〉(∓1)F g̃H/2 of the

minimal model. Here we replaced g by g̃ where g̃ = g if wi is even while g̃ = a2 =

e−2πiJ0 = g(−1)
bF if wi is odd. This is because aki+2 preserves the Li = ki

2 branes including

the orientation. (Since there are even number of i’s with odd wi, this makes no difference.)

The twist g̃H/2 is trivial for such i that wi is even, while it is non-trivial, g̃H/2 = aki+2, for

such i that wi is odd. The ak+2-twisted boundary state in the minimal model is given by

|BA
k
2
,M,S

〉(∓1)F ak+2 =
∑

k
2 +m+s even

s even/odd

e
πi

“
−M+S2+Ss+m

2
+ Mm+m

k+2

”

|k
2
,m, s〉〉. (3.44)

Since the length of the sum over images is one half of the ordinary branes, these branes

are called short orbit branes. “Field Identification” is a little different on these short orbit

branes. (Li,Mi, Si) → (ki −Li,Mi + ki + 2, Si + 2) does not change the brane if wi is even,

but exchanges + and − label if we do this for odd number of i’s with odd wi.

3.2.2 B-branes

B-branes in the minimal model can be obtained as the mirror of the A-branes in the Zk+2-

orbifold model, see [6, 23, 25, 14]. (They can also be obtained directly as an application of
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the methods of [13] by using the results of [48] on the Z2 orbifold of the minimal models

by mirror symmetry automorphism.) The mirror of the brane associated with BA
L,M,S is

denoted as BB
L,M,S and they preserve the combination G+ − (−1)SG− of the worldsheet

superconformal symmetry. They are invariant under the symmetry g, and the boundary

states on the various twisted circles are given by

|BB
L,M,S〉(−1)(s

′+1)F gn′ =
1√

k + 2
VM

∑

eν∈Zk+2

e2πi eνn′

k+2 |BA
L,M+2eν,S〉(−1)(s

′+1)F (3.45)

= (2k + 4)
1
4 e−πi Mn′

k+2
+πi Ss′

2

∑

l′∈Pk
ν1∈Z2

SLl′√
S0l′

(−1)Sν1 |l′, n′, s′ + 2ν1〉〉B ,

where s′ = 0 for NSNS sector and s′ = 1 for RR sector. Note that the M -label appears

only on the overall phase for the boundary state with a non-trivial twist gn′ 6= 1. Thus,

the brane themselves depend only on (L,S) but the M -label parametrizes the action of

the global symmetry g on the Chan-Paton factor. There is no short orbit branes in the

näıve sense, since none of the A-branes is invariant under any non-trivial element of Zk+2.

However, in the GSO projected model (i.e. in the coset model), B-branes are realized as the

mirror of the A-branes in the Zk+2 ×Z2 orbifold, and for even k the Cardy branes B k
2
,M,S

are invariant under the Z2 subgroup generated by gk+2,2. Thus, there are short-orbit branes

in the coset model, and resolving the GSO projection we obtain short orbit branes B̂B
k
2
,M,S

in the minimal model. They are invariant under the symmetry a2 = e−2πiJ0 = g(−1)
bF .

The boundary states on the various twisted circles are [17]

|B̂B
k
2
,M,S

〉(−1)(n
′+1)F a2n′ =

1√
2
|BB

k
2
,M,S

〉(−1)(n
′+1)F gn′

|B̂B
k
2
,M,S

〉(−1)n′F a2n′ = e−πi Mn′+n′

k+2
+πi Sn′+n′

2

√
k + 2

2

∑

s=±1

e−πi
S(S−s)

2 |k
2
,
k + 2

2
+ n′, s + n′〉〉B .

The long orbit brane BB
L,M,1 is described in the LG model W = Xk+2 as the one

associated with the boundary superpotential

V = ΓXL+1

where Γ is a fermionic chiral superfield on the boundary with constraint DΓ = Xk+1−L

and M labels the action of g : X → e
2πi
k+2 X on the Chan-Paton ground state |0〉 (annihilated

by the lowest component of Γ ) as

g : |0〉 7−→ e−
2πi
k+2

M+L+1
2 |0〉.

On the other hand, short orbit branes are not realized in the LG model with W = Xk+2

but in the model with W = Xk+2 −Y 2 that also flows to the N = 2 minimal model. They

are associated with the boundary superpotential

V = Γ (X
k+2
2 − Y ), DΓ = X

k+2
2 + Y.
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In the open string stretched between long and short orbit branes, there are odd number

of real fermionic zero modes [17]. This imposes a strong constraint in the construction of

consistent set of D-branes.

Let us first consider the product of long-orbit branes

B
B
L,M,S = B

B
L1,M1,S1

× · · · × B
B
Lr ,Mr,Sr

.

Si are all even or all odd and the brane depends only on the total orientation S = [S].

Also, the Γ action on the Chan-Paton factor depends only on

M := H

r∑

i=1

Mi

ki + 2
∈ Z2H (3.46)

which is even or odd depending on whether
∑

i LiH/(ki + 2) + HrSi is even or odd. The

choice of M corresponds to the choice of representation of Γ on the Chan-Paton factor.

The brane BB
L,M,S is invariant under all element of the orbifold group. Thus, the

boundary state in the orbifold theory is simply the sum over the twists.

|BB
L,M,S〉(−1)(s′+1)F =

1√
H

∑

ν∈ZH

r⊗

i=1

|BB
Li,Mi,Si

〉(−1)(s′+1)F gν (3.47)

=
1√
H

∑

ν∈ZH
νi∈Zr

2
,l′

i
∈Pki

⊗i(2ki + 2)
1
4 e

−πi
Miν

ki+2
+πi

S(s′+2νi)

2
SLil′i√

S0l′i

|l′i, ν, s′ + 2νi〉〉B ,

where s′ = 0 for NSNS and s′ = 1 for RR. This B-brane can be identified as the A-brane

in the mirror Gepner model associated with the product BL1,M1,S1 × · · · × BLr,Mr,Sr . It

is a simple exercise to reproduce the above boundary states from this point of view. This

realization will be useful in the discussion of the tadpole cancellation.

Next let us consider the brane involving short-orbit branes of the minimal model.

There is one important constraint: the number of minimal model factors having short-

orbit branes must be even. This is to avoid the open strings to have odd number of real

fermionic zero modes, which would be problematic upon quantization. Thus, we will only

consider product branes with even number of B̂B
ki
2

,Mi,Si

such as

B̂L,M,S = B̂
B
k1
2

,M1,S1
× B̂

B
k2
2

,M2,S2
× B

B
L3,M3,S3

× · · · × B
B
Lr,Mr,Sr

.

The global symmetry g preserves the long-orbit brane but reverses the orientation of the

short-orbit brane. However, since there are even number of factors with short-orbit branes,

the brane B̂L,M,S is invariant under the orbifold group. Thus, again the boundary state is

the simple sum over the twists. Note that the symmetry γ = (g, g, g, . . . , g) is the same as
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(a2, a2, g, . . . , g). The boundary state is therefore

|B̂L,M〉NSNS =
1

2
√

H

∑

ν even

r⊗

i=1

|BB
Li,Mi,Si

〉(−1)F gν

+
1

2
√

H

∑

ν odd

|B̃B
k1
2

,M1,S1
⊗ B̃

B
k2
2

,M2,S2
〉ν

r⊗

i=3

|BB
Li,Mi,Si

〉(−1)F gν , (3.48)

|B̂L,M,S〉RR
=

1

2
√

H

∑

ν even

|B̃B
k1
2

,M1,S1
⊗ B̃

B
k2
2

,M2,S2
〉ν

r⊗

i=3

|BB
Li,Mi,Si

〉gν

+
1

2
√

H

∑

ν odd

r⊗

i=1

|BB
Li,Mi,Si

〉gν , (3.49)

where

|B̃B
k
2
,M,S

〉ν = e−πi Mν+ν
k+2

+πi Sν+ν
2

√
k + 2

∑

s=±1

e−πi
S(S−s)

2 |k
2
,
k + 2

2
+ ν, s + ν〉〉B.

Let us compare this with the brane BL,M,S where the first and the second factors are the

standard ones B k1
2

,M1,S1
, B k2

2
,M2,S2

. We note that

|BB
k
2
,M,S

〉(−1)F gν = 0 for odd ν and

|BB
k
2
,M,S

〉gν = 0 for even ν.
(3.50)

Thus, it differs from |B̂L,M,S〉 by the factor of 2 and also by the absence of the odd ν sum

in the NSNS sector (the second line of (3.48)) and the even ν sum in the RR sector (the

first line of (3.49)). In other words,

|BL,M,S〉 = |B̂L,M,S〉 + |B̂(−)
L,M,S〉

where |B̂(−)
L,M,S〉 is obtained from |B̂L,M,S〉 by flipping the sign of the odd ν sum in the

NSNS sector and the even ν sum in the RR sector. Thus, BL,M,S cannot be thought of as

an elementary brane but is a sum of two different branes. The same can be said on B̂B
L,M,S

if two or more Li from L3, . . . , Lr are the same as ki
2 . If exactly one Li from L3, . . . , Lr is

the same as ki
2 , the boundary state |B̂L,M,S〉 is simply one half of the ordinary one |BL,M,S〉

since the odd ν sum in NSNS and even ν sum in RR are killed by that i-th factor because

of (3.50).

By this consideration, we find that the general elementary branes are given as follows.

For each (L,M, S), things depend on the cardinality of the set S ⊂ {1, 2, . . . , r} of i for

which Li = ki
2 . If S is empty, that is, if Li 6= ki

2 for all i, the brane BB
L,M,S is elementary.

If |S| is even and non-zero, the elementary branes are

|B̂(±)B
L,M,S〉NSNS =

1

2
|S|
2

√
H

{
∑

ν even

|BB
L,M,S〉prod

(−1)F γν ±
∑

ν odd

|B̃B
L,M,S〉prod

(−1)F γν

}
, (3.51)

|B̂(±)B
L,M,S〉RR

=
1

2
|S|
2

√
H

{
±

∑

ν even

|B̃B
L,M,S〉prod

γν +
∑

ν odd

|BB
L,M,S〉prod

γν

}
, (3.52)
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where

|BB
L,M,S〉prod

(±1)F γν =

r⊗

i=1

|BB
Li,Mi,Si

〉(±1)F gν ,

|B̃B
L,M,S〉prod

(±1)F γν =
⊗

i6∈S

|BB
Li,Mi,Si

〉(±1)F gν ⊗
⊗

i∈S

|B̃B
Li,Mi,Si

〉ν .

If |S| is odd, the elementary brane is

|B̂B
L,M,S〉NSNS

RR
=

1

2
|S|−1

2

|BB
L,M,S〉NSNS

RR
. (3.53)

One can see that these results reproduce the fixed point resolution prescription that is

obtained by constructing the B-type boundary states as A-type in the mirror [23]. In this

approach, one applies the Greene-Plesser orbifold construction of mirror symmetry to the

A-type brane

B
A
L,M,S = B

A
L1,M1,S1

× · · · × B
A
Lr ,Mr,Sr

.

The orbifold group G is the subgroup of
∏r

i=1 Zki+2 in the kernel of the elementary character

of the diagonal subgroup Zlcm{ki+2}. It is then easy to see that the brane BA
L,M,S is invariant

under the subgroup H = (Z2)
|S|−1 generated by elements of the form fij = g

(ki+2)/2
i g

(kj+2)/2
j

for all pairs i, j ∈ S 6= ∅. The discrete torsion on H was computed in [23], and shown to be

maximal in the sense that the size of K (see eq. (3.38). K is called “untwisted stabilizer”

in [23]) is the minimal compatible with the constraint that |H|/|K| be the square of an

integer. Explicitly, one finds

ε(f1i, f1j) = (−1)1+δij .

It is easy to see that this implies K = {id} if |S| − 1 is even, while K = Z2 if |S| −
1 is odd. Applying the general theory of [11] explained around (3.39), this gives the

same results for the structure of elementary short orbit B-branes that we have obtained in

eqs. (3.51), (3.52), (3.53), including the normalization factor.

3.3 Boundary/crosscap states in string theory

We have constructed the internal parts of the boundary and crosscap states. We now use

them to construct the ones in full string theory relevant for compactifications to 3 + 1

dimensions — we add the spacetime part (D = 3 + 1 free bosons and fermions as well as

ghost and superghost), and also make sure that the states obey the chiral GSO projection

condition:

IIA :

{
(−1)FL = −1

(−1)FR = −(−1)s
IIB :

{
(−1)FL = −1

(−1)FR = −1

where s = 0 for NS-sector and s = 1 on R-sector. We are interested in branes filling

the D-dimensional spacetime and the ordinary worldsheet orientation reversal Ω that acts

trivially on these D coordinates. Thus, boundary and crosscap states in the spacetime part

are independent of IIA or IIB, and are the standard coherent state |B st
± 〉, |C st

± 〉. They are

related to each other by

|B st
− 〉 = (−1)F

st
R |B st

+ 〉, |C st
− 〉 = (−1)F

st
R |C st

+ 〉.
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Here (−1)F
st

R is the spacetime part of the right-moving mod 2 fermion number, which is

defined so that

(−1)FR = (−)F
st

R eπiJ0 , (3.54)

where J0 is the U(1)-charge of the right-moving N = 2 superconformal algebra. Finally,

we also need to make sure that the O-plane tension is real. This requires us to multiply

the NSNS-part of the crosscap state by a suitable phase.

In what follows in the main part of the paper, we assume D = 3 + 1, r = 5 and
r∑

i=1

1

ki + 2
= 1.

Since r = 5 is odd, the S label can be represented by S1 = S2 = · · · = S5 =: S. More

general models are treated in appendix.

3.3.1 Type IIA orientifolds

To find the combination obeying the chiral GSO projection condition, we need to know the

action of eπiJ0 on the boundary and crosscap states we have determined. In the individual

minimal model, the action is as follows:

eπiJ0|BL,M,S〉NSNS
RR

= |BL,M−1,S−1〉NSNS
RR

,

eπiJ0|Cn,s(±)〉 =

{
|Cn−2,s(∓)〉 s even

± e−πi s+1
2 |Cn−2,s(∓)〉 s odd

Using this, we find that the boundary and crosscap states of the Gepner model are trans-

formed as

eπiJ0 |C eP A
ω;m

〉 = ω|C(−1)F eP A
ω;m

〉,
eπiJ0 |CP A

ω;m
〉 = −ω|C(−1)F P A

ω;m
〉,

eπiJ0 |BL,M,S〉NSNS
RR

= |BL,M−1,S−1〉NSNS
RR

.

The appearance of ω is because of the shift in the summation index ν, and the appearance

of the minus sign in the RR-part of the crosscap state is from the prefactor (−1)
P

i
ν

ki+2 in

the summand (3.16) of the ν-summation.

We also need to make sure that the tension of the D-branes are real positive, and the

tension of the O-planes are real. We know that
NSNS

〈0|BL,M,S〉 is real positive, and thus we

can use the NSNS boundary state without modification. As for the crosscap states, using

the formula (3.13) for the minimal model, we find that for H odd (all ki odd)

NSNS〈0|C(±1)F ePm
〉 =

√
H

r∏

i=1

√
2

(ki+2) sin( π
ki+2

) cos
( π

2(ki + 2)

)
,

and for H even (some ki even)

NSNS
〈0|C(±1)F ePω;m

〉 =

√
H

2

r∏

i=1

√
2

(ki+2) sin( π
ki+2

)

∏

ki odd

cos
( π

2(ki + 2)

)
·
(

e∓iΘ + ω e±iΘ
)
,

Θ =
∑

ki even

(−1)miπ

2(ki + 2)
.
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We see that it is real if H is odd and also for the ω = 1 case if H is even. However, for the

ω = −1 case (H even), it is pure imaginary. To make it real, me must multiply the state

by i. In general, multiplication by ω
1
2 will do the job.

Collecting all these items, we find that the total crosscap and boundary states are

given by

|Cω;m〉
NSNS

= ω
1
2 |C eP A

ω;m
〉 ⊗ |C st

+ 〉
NSNS

− ω− 1
2 |C(−1)F eP A

ω;m
〉 ⊗ |C st

− 〉
NSNS

(3.55)

|Cω;m〉
RR

= |CP A
ω;m

〉 ⊗ |C st
+ 〉

RR
− ω|C(−1)F P A

ω;m
〉 ⊗ |C st

− 〉
RR

, (3.56)

and

|BL,M〉
NSNS

= |BL,M+1,1 ⊗ B
st
+ 〉

NSNS
− |BL,M,0 ⊗ B

st
− 〉

NSNS
, (3.57)

|BL,M〉
RR

= |BL,M+1,1 ⊗ B
st
+ 〉

RR
+ |BL,M,0 ⊗ B

st
− 〉

RR
. (3.58)

We note that there are still a freedom to flip the sign of them except the NSNS part of the

boundary state. The sign flip of the RR-parts of the boundary/crosscap states corresponds

to orientation flip, and the sign flip of the NSNS part of the crosscap state corresponds to

the flip in the type of the orientifold. The choice of this sign for the NSNS crosscap can be

made by the choice of the phase ω
1
2 (that is, 1 or −1 for ω = 1, and i or −i for ω = −1).

3.3.2 Type IIB orientifolds

The action of eπiJ0 on B-type boundary and crosscap states can be found either directly or

by using the mirror description. Here, we present the latter way. We first note that eπiJ0

and mirror automorphism obey the following relation

eπiJ0VM = VM e−πiJ0 =

{
VM eπiJ0 on NSNS sector

(−1)rVM eπiJ0 on RR sector.

Using this and using the mirror realization of the crosscap and boundary state we find

eπiJ0|C eP B
ω;m

〉 = e
2πi

P
i

mi
ki+2 |C

(−1)F eP B
ω;m

〉,

eπiJ0|CP B
ω;m

〉 = e
2πi

P
i

mi
ki+2 |C(−1)F P B

ω;m
〉,

eπiJ0|BL,M,S〉NSNS
RR

= |B
L,M+

P
i

H
ki+2

,S+1〉NSNS
RR

We also find, by direct computation, that the B-brane including short-orbit brane factors

are transformed in the same way as |BL,M,S〉.
The next item is the reality of the overlap of the crosscap states with the NSNS ground

state. Here again, the mirror description is useful. We have just experienced what to do

for the A-type crosscaps. This tells us that for the reality of the overlap with |0〉NSNS we

need to multiply |C(±1)F eP A
eω;fm

〉 by the phase

ω̃
1
2 =

∏

i

ω̃
1
2
i = exp

(
−πi

r∑

i=1

mi

ki + 2

)
.
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The total crosscap and boundary states are given by

|CB
ω;m〉NSNS = ω̃

1
2 |C eP B

ω;m
〉 ⊗ |C st

+ 〉NSNS − ω̃− 1
2 |C(−1)F eP B

ω;m
〉 ⊗ |C st

− 〉NSNS, (3.59)

|CB
ω;m〉RR = |CP B

ω;m
〉 ⊗ |C st

+ 〉RR − ω̃−1|C(−1)F P B
ω;m

〉 ⊗ |C st
− 〉RR , (3.60)

and

|BB
L,M 〉

NSNS
= |BB

L,M+
P

i
H

ki+2
,1
⊗ B

st
+ 〉

NSNS
− |BB

L,M,0 ⊗ B
st
− 〉

NSNS
, (3.61)

|BB
L,M 〉

RR
= |BB

L,M+
P

i
H

ki+2
,1
⊗ B

st
+ 〉

RR
+ |BB

L,M,0 ⊗ B
st
− 〉

RR
, (3.62)

The sign of the second term of the RR boundary state is + because |BB
L,M+

P
i

2H
ki+2

,2
〉
RR

=

(−1)r|BB
L,M,0〉RR

= −|BB
L,M,0〉RR

, where r = 5 is used. The choice of the sign for the NSNS

crosscap can be made by the choice of the phase ω̃
1
2 (1 or −1 for ω̃ = 1, and i or −i for

ω̃ = −1).

4. Consistency conditions and supersymmetry — A

In this and the next sections, we determine the conditions of consistency and spacetime

supersymmetry of Type II orientifolds on Gepner model with rational D-branes. We focus

on compactification down to 3 + 1 dimensions.

The main part of consistency conditions is the RR tadpole cancellation [50, 51]

〈massless RR scalar|T 〉 = 0.

In terms of the internal CFT, this can be written as

RR
〈i|CP 〉 +

1

4 RR
〈i|B+〉RR

= 0, (4.1)

for any RR ground states |i〉
RR

of the internal theory responsible for RR scalars. The factor

of 1/4 is from the 3+1 dimensional spacetime part. The other condition is when there are

D-branes invariant under the orientifold action. If that is of Sp-type, the number of such

branes must be even.

Spacetime supersummetry is conserved by a set of branes Ba (a = 1, . . . , N) when

the overlaps
NSNS

〈0|Ba
+〉NSNS

and
RR

〈0|Ba
+〉RR

differ by a phase common to all a. This

phase determines the conserved combination of supercharges. A spacetime supersymmetry

exists in the orientifold model when the supersymmetries preserved by the D-branes and

the O-planes are the same;

RR〈0|Ba
+〉RR

NSNS
〈0|Ba

+〉NSNS

= RR
〈0|CP 〉RR

NSNS
〈0|CP 〉NSNS

. (4.2)

In the rest of this section, we write down these conditions for Type IIA orientifolds.

We will also find a very simple class of solutions to these conditions, and compute the

particle spectrum in selected examples. Finding the most general solution is a rather hard
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problem, about which we will also make some comments towards the end of this section.

In section 6, we will present complete solutions of the tadpole conditions for Type IIB

orientifolds of Gepner models, which are a lot simpler. To be sure, we do not mean to say

that A-type tadpole conditions are intrinsically harder to solve than B-type. Indeed, A

and B-type are identified under mirror symmetry. The solutions in the Gepner model we

seek in this section are interpreted in the large volume limit as A-type on the quintic or

B-type on the mirror quintic (and vice-versa in section 6). There are tadpole cancellation

problems in Gepner models which are of intermediate difficulty, such as in certain orbifolds

of the quintic. We discuss one of them in the appendix.

4.1 Charge and supersymmetry of O-planes

Let us first review the description of RR-charge of the A-type D-branes and O-planes in

a general LG model (see [53, 54, 17] for more details). Let us consider a LG model on a

non-compact Kähler manifold X of dimension n with superpotential W . A-branes are Dn-

branes wrapped on an oriented Lagrangian submanifolds of X that lie in level sets of Im(W ).

An A-type orientifold is associated with an antiholomorphic involution τ of X that maps

W to its complex conjugate W up to a constant shift. The O-plane OτΩ, the fixed point

set of τ , is also a Lagrangian submanifold in a level set of Im(W ) and we assume that an

orientation is chosen. To describe their charges, we introduce the subspaces B± ⊂ X which

are the set of points with large values of ±Im(W ), say, B± = {x ∈ X| ± Im(W (x)) ≥ R}
for a sufficiently large R > 0. For an A-brane γ, we deform its asymptotics so that their

W -images are deformed to ±Im(W ) > R. Let us denote the resulting submanifolds by γ±.

The submanifold γ+ has its boundaries in B+, and defines a homology class relative to B+:

[γ+] ∈ Hn(X,B+). (4.3)

This is the one that represents the RR-charge of the A-brane. To be precise, this

is the charge at the in-coming boundary preserving the supercharge Q+ + Q−. The

charge at the out-going boundary preserving the same supercharge (or at the in-coming

boundary preserving the opposite combination Q+ − Q−) is given by the other class

[γ−] ∈ Hn(X,B−). The Witten index for the open string stretched from γ1 and γ2 is given

by the intersection number #(γ−
1 ∩ γ+

2 ). The RR-charge of the O-plane at the in-coming

crosscap for the parity commuting with the supercharge Q+ + Q− is similarly given by

[O+
τΩ] ∈ Hn(X,B+). (4.4)

Let us apply this to the LG model with W = Xk+2 that flows to the N = 2 minimal

model at level k. The X-plane is separated into 2(k+2) regions by the inverse images of the

real line of the W -plane, and B+ and B− consist of the asymptotic regions that appears

alternately, as depicted in figure 8. As mentioned in section 3.2.1, the A-brane BL,M,S

corresponds to the D1-brane at the wedge-shaped line γL,M,S coming in from the direction

arg(X) = π M−L−1
k+2 , cornering at X = 0, and going out to the direction arg(X) = π M+L+1

2

if S = 0 or 1 (S = 2 or −1 are their orientation reversals). The branes with S = ±1 preserve

the supercharge Q+ + Q− while those with S = 0, 2 preserves the opposite combination
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Figure 8: The regions B± for the case k = 4.

Q+ − Q−. The cycle γ+
L,M,1 is obtained by slightly rotating γL,M,1, counter-clock-wise.

This correspondence γL,M,S ↔ |BL,M,S〉 is at the in-coming boundary. At the out-going

boundary, the correspondence is slightly different: γL,M,1 (resp. γL,M,0) corresponds to

〈BL,M−1,0| (resp. 〈BL,M−1,1|). This can be understood by comparing the RR-charges as

well as the conserved worldsheet supersymmetries.

The parity gmPA commutes with the worldsheet supercharge Q+ + Q− which is pre-

served by branes γL,M,S with odd S. It acts on the LG field as X → e
2πim
k+2 X and the

O-plane OgmPA
is the straight line at X ∈ e

πim
k+2 R. We assume the orientation that goes

from arg(X) = πm
k+2 to the opposite direction. Note that m → m+(k+2) is the orientation

flip. The cycle O+
gmPA

is obtained by deforming it so that both of the two asymptotics are

in the region B+. This involves bending when k is odd while it is a small rotation when k is

even. To see this, let us first consider the basic A-parity PA whose O-plane OPA
is the real

line that goes from +∞ to −∞. If k is even, O+
PA

is the slight counter-clockwise rotation of

R. In fact there is an A-brane that does the same — γ k
2
, k+2

2
,1. Thus, the O-plane OPA

and

γ k
2
, k+2

2
,1 has the same location and the same charge. If k is odd, O+

PA
is obtained by small

counter-clockwise rotation of the real-positive half and small clockwise rotation of the real-

negative half. There is no A-brane at the same location, but the brane γ k−1
2

, k+1
2

,1 has the

same in-coming charge. (Another brane γ k−1
2

, k+1
2

+1,0 may appear to have the same charge,

but it preserves a different combination Q+ − Q− of the supercharge — PA preserves the

combination Q+ + Q− and thus must be compared to the branes with odd S.) Figure 9

depicts the example of k = 3. Repeating this consideration in the general case, we find

that the O-plane OgmPA
has the same RR-charge as one of the A-branes. The result is

k even [O+
gmPA

] =





[γ+
k
2
, k+2

2
+m,1

] m even

[γ+
k
2
, k+2

2
+m−1,1

] m odd,
(4.5)
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Figure 9: The O-plane O = OPA
and the brane B = γ1,2,1 in the k = 3 minimal model. They

have the same in-coming RR-charge

k odd [O+
gmPA

] =





[γ+
k−1
2

, k+1
2

+m,1
] m even

[γ+
k+1
2

, k+1
2

+m,1
] m odd.

(4.6)

This can also be checked by showing RR〈i|CgmPA
〉 = RR〈i|BL,M,S〉RR for any RR-ground

state |i〉
RR

with (L,M,S) as indicated in (4.5)–(4.6). Note that m → m + (k + 2) indeed

corresponds to orientation flip since RR-part of the corresponding boundary states flips its

sign.

Having learned the RR-charge of the O-plane in the minimal model, we can now com-

pute the charge in the Gepner model. For this purpose, the expressions (3.19) and (3.20)

of the crosscap states are useful. These expressions simply says that the O-plane charge in

the Gepner model is given by the same type of average formula for the A-brane charge.

If H is odd, the average formula (3.19) is identical to the one for an A-brane. Note that

we only have to consider the basic parity PA = PA
1;0 since there is no involutive dressing

by quantum symmetry and dressing by global symmetry m is equivalent to no-dressing.

By the relation (4.6) for each minimal model we find that the O-plane charge is the same

as the charge of the D-brane associated with the product
∏r

i=1 B ki−1

2
,
ki+1

2
,1
. Namely,

[
OP A

]
= 4

[
Bk−1

2
,k−1

2

]
, (4.7)

where the factor of 4 comes from the spacetime part.

If H is even, the sum splits into two parts (3.20) and each part is the same as the

untwisted part of the sum for an A-brane with Z2 stabilizer group. The charge for |CPA
m
〉
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is the same as the charge for the product brane
∏

i B ki
2

,
ki+2

2
+mi−δmi ,1

where

δmi =

{
0 mi even

1 mi odd.

The charge for |CγPA
m
〉 is the same as the charge for −∏

i B ki
2

,
ki+2

2
+mi+δmi

,1
, where the

minus sign is from the factor (−1)
P

i
ν

ki+2 in (3.16). Thus, the charge is
[
OP A

±;m

]
= 2

[
Bk

2
,k
2
+m−δm

]
∓ 2

[
Bk

2
,k
2
+m+δm

]
, (4.8)

where [Bk
2

,M] is the sum of the two short-orbit brane charges [B̂
(+)
k
2

,M
] + [B̂

(−)
k
2

,M
] which has

no twisted state component.

Let us discuss the spacetime supersymmetry preserved by D-branes and the O-plane.

This is to compute the ratio of the overlap of the boundary/crosscap state with RR-ground

state |0〉RR and the brane/plane tension. Here |0〉RR is the RR ground state of the internal

system with the lowest R-charge. Let us first present the RR-overlap for the A-brane in

the minimal model. This has been computed in many ways. In the LG description, it

is realized as the integral over γ+
L,M,1 of the 1-form c0 e−iX

k+2

∗ dX where c0 is a certain

normalization factor [53, 54, 17]. The result is

RR
〈0|BL,M,1〉RR

= i

√
2

(k + 2) sin( π
k+2)

e−πi M
k+2 sin

(
π(L + 1)

k + 2

)

= i e−πi M
k+2

NSNS
〈0|BL,M,1〉NSNS

.

Using this, we find that the overlap in the Gepner model is

RR
〈0|BL,M,1〉RR

= ir e
−πi

P
i

Mi
ki+2

NSNS
〈0|BL,M,1〉NSNS

.

The phase determining the spacetime supersymmetry is the ratio

exp (iθL,M) = −i exp

(
−πi

r∑

i=1

Mi

ki + 2

)
. (4.9)

We find that the phase is determined by the sum over the angles Mi
ki+2 of the “mean-

direction” of the wedge in the LG realization. See figure 10. The result is applicable also

to short orbit branes.

Let us next compute the RR-overlap for the crosscap states. In the minimal model,

this is essentially computed in [17], in both using PSS crosscap and also using LG model.

Here one could also use the relation of the O-plane charge and D-brane charge given in (4.5)

and (4.6) and the above expression for the brane overlaps. In any way, we find

RR
〈0|CgmPA

〉 =





i
√

2
(k+2) sin( π

k+2
) cos

(
π

2(k+2)

)
e−πi

k+1
2 +m

k+2 k odd,

i
√

2
(k+2) sin( π

k+2
) e−πi

k+2
2 +m−δm

k+2 k even

= i e−πi
m+ k+1

2
k+2 ×

NSNS
〈0|Cgm ePA

〉.
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Figure 10: The mean direction of a brane.

It follows from this that in the Gepner model

RR
〈0|CP A

ω;m
〉 = ir e

−πi
P

i

mi+
k+1
2

ki+2 ×
NSNS

〈0|C eP A
ω;m

〉

Since the NSNS crosscap in string theory is obtained by multiplying ω
1
2 to |C eP A

ω;m
〉, we find

that the ratio is

exp
(
iθP A

ω;m

)
= −iω− 1

2 exp

(
−πi

r∑

i=1

mi + ki−1
2

ki + 2

)
. (4.10)

The phase is essentially the sum over the slopes
mi+

ki−1

2
ki+2 of the direction perpendicular to

the O-planes if ω = 1, but it differs from that sum by right angle if ω = −1.

In table 5, we describe the RR-charge, the tension, and the phase determining the

conserved supersymmetry of the twelve A-type orientifolds of the two parameter model

(ki + 2) = (8, 8, 4, 4, 4).

4.2 Parity action on D-branes

The next task is to find out how the parities act on the D-branes.

Let us first consider the action in the minimal model, which is studied [17]. The action

is encoded in the formulae

〈CgmPA
|qH

t |BL,M,S〉RR
=

RR
〈BL,2m−M−1,−S−1|qH

t |C(−1)F gmPA
〉, (4.11)

〈Cgm ePA
|qH

t |BL,M〉
NSNS

=
NSNS

〈BL,2m−M |qH
t |C(−1)F gm ePA

〉. (4.12)

They can be shown using the properties of the P-matrix e2πiQg(j)P ∗
gj = Pgj . They can

also be geometrically understood in the LG model as follows. Under the basic parity

PA that acts on the LG field as X → X, the wedge γL,M,1 is mapped to its complex

conjugate. The initial and final angles (π(M−L−1)
k+2 , π(M+L+1)

k+2 ) of the wedge are mapped to

(π(−M+L+1)
k+2 , π(−M−L−1)

k+2 ) which are the initial and final angles of the wedge γL,−M,1 with the

– 45 –



J
H
E
P
0
2
(
2
0
0
7
)
0
0
1

parity RR-charge Tension SUSY

PB
+;00000 0 0

iω− 1
2

PB
−;00000 4[Bk

2
,k
2
] −iω

1
2 2

√
2
√

2 + 2

PB
+;00001 2[Bk

2
,k
2

− Bk
2

,(33113)] ω
1
2 2

√√
2 + 1

iω− 1
2 e−

πi
4

PB
−;00001 2[Bk

2
,k
2

+ Bk
2

,(33113)] −iω
1
2 2

√√
2 + 1

PB
+;01000 2[Bk

2
,k
2

− Bk
2

,(35111)] 2ω
1
2

iω− 1
2 e−

πi
8

PB
−;01000 2[Bk

2
,k
2

+ Bk
2

,(35111)] −2iω
1
2 (
√

2 + 1)

PB
+;00011 2[Bk

2
,k
2
− Bk

2
,(33133)] ω

1
2 2
√

2
√√

2 + 1
ω− 1

2

PB
−;00011 2[Bk

2
,k
2

+ Bk
2

,(33133)] 0

PB
+;01001 2[Bk

2
,k
2
− Bk

2
,(35113)] ω

1
2 2(

√
2 + 1)

iω− 1
2 e−

3πi
8

PB
−;01001 2[Bk

2
,k
2

+ Bk
2

,(35113)] −2iω
1
2

PB
+;11000 2[Bk

2
,k
2
− Bk

2
,(55111)] ω

1
2 2

√√
2 + 1

iω− 1
2 e−

πi
4

PB
−;11000 2[Bk

2
,k
2

+ Bk
2

,(55111)] −iω
1
2 2

√√
2 + 1

Table 5: Charge and Tension of O-planes in the two parameter model (ω = 1)

opposite orientation. Thus the brane γL,M,1 is mapped under PA to −γL,−M,1 = γL,−M,−1.

More general parity maps the brane as

gmPA : γL,M,1 → γL,2m−M,−1.

Note that the parity exchanges in-coming and out-going boundaries. Thus, if γL,M,1 is at

the in-coming boundary and corresponds to |BL,M,1〉, then γL,2m−M,−1 is at the out-going

boundary and corresponds to 〈BL,2m−M−1,−2|. Thus we find that the parity acts as

gmPA : |BL,M,1〉 → 〈BL,2m−M−1,−2|.

This is nothing but the S = 1 case of (4.11). The one with other values of S and the other

relation (4.12) can also be understood in a similar way.

Let us now discuss the orientifold action on D-branes in the full string theory. The

relations (4.11) and (4.12) readily imply

〈CP A
ω;m

|qH
t |BL,M,S〉RR

=
RR

〈BL,2m−M−1,−S−1|qH
t |C(−1)F P A

ω;m
〉, (4.13)

〈C eP A
ω;m

|qH
t |BL,M〉

NSNS
=

NSNS
〈BL,2m−M|qH

t |C(−1)F eP A
ω;m

〉. (4.14)

Applying these to the total crosscap states, we find

RR
〈Cω;m|qH

t |BL,M〉
RR

= ω ×
RR

〈BL,2m−M|qH
t |Cω;m〉

RR
, (4.15)

NSNS
〈Cω;m|qH

t |BL,M〉
NSNS

= −
NSNS

〈BL,2m−M|qH
t |Cω;m〉

NSNS
. (4.16)

Recall that the overlaps appears in the one-loop diagram as the combination

i
NSNS

〈B|qH
t |C〉

NSNS
− i

NSNS
〈C|qH

t |B〉
NSNS

−
RR

〈B|qH
t |C〉

RR
−

RR
〈C|qH

t |B〉
RR

.
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Thus the equation (4.16) shows that the brane BL,M is mapped to BL,2m−M if the brane

orientations are ignored. The first equation includes the information on the orientations.

It shows that the branes are mapped under the orientifold action as

PA
ω;m : BL,M 7−→ ωBL,2m−M, (4.17)

where −B stands for the orientation reversal of B. We see that dressing by quantum

symmetry affects the action on orientation.

Let us see how the short-orbit branes are transformed. We recall that if Li = ki
2 for

each i with odd wi (possible only when H is even), the brane BL,M must be regarded

as the sum of two short-orbit branes B̂
(+)
L,M and B̂

(−)
L,M. The boundary states are given

in (3.42) and (3.43). The overlap 〈B̂(±)|C〉 is simply one-half of 〈B|C〉 for both ±, since

the crosscap state |C〉 does not have twisted state components. Thus we see that the

(L,M)-label is transformed in the same way as the long-orbit branes. To see how the

± label is transformed, we need to compare with the 〈B̂(ε)|B̂(ε′)〉 overlaps. By the loop

channel expansion of the latter overlaps, one can read the spectrum of open string states

between two short-orbit branes: the states labeled by ⊗r
i=1(li,mi, si) are subject to the

projection
1

2

(
1 + εε′

∏

wi odd

(−1)
1
2
(li+mi−s)

)
, (4.18)

where s = 0 for NS states and 1 for R ones. Let us compare this with the loop-channel

expansion of the overlaps 〈B̂|qH
t |C 〉. It turns out that the open string states are subject

to the projection
1

2

(
1 + ω

H
2 (−1)

σ
2

∏

wi odd

(−1)
1
2
(li+mi−s)

)
, (4.19)

where σ is the number of i’s such that wi is odd. The parity action on short-orbit branes

is therefore summarized as

PA
ω;m : B̂

(ε)
L,M 7−→ ωB̂

(ε′)
L,2m−M, ε′ = ω

H
2 (−1)

σ
2 ε. (4.20)

For the computations that leads to (4.18) and (4.19), see appendix B.

4.2.1 Invariant branes

Let us see which of the branes are invariant under the parity symmetries. By (4.17), the

long-orbit brane BL,M is invariant under PA
ω;m when ωBL,2m−M = BL,M. This requires

that, for each i, BLi,2mi−Mi,0 is equal to BLi,Mi,0 up to orientation (and up to the uniform

shift in Mi’s). One possibility is Li arbitrary and 2mi − Mi = Mi (mod 2ki + 4) which is

the case with the positive orientation, and another is Li = ki/2 and 2mi−Mi = Mi +ki +2

(mod 2ki + 4) which is the case with the reversed the orientation. For ω = 1, we need the

total orientation to be positive, and thus the case “Li = ki/2 and 2mi −Mi = Mi + ki +2”

must occur for even number of i’s:

PA
+;m-fixed :

{
Li = ki

2 , Mi = mi + ki+2
2 (mod ki + 2), for even # of i’s

Li arbitrary, Mi = mi (mod ki + 2), for other i
(4.21)
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For ω = −1 (which is possible only when some ki are even), we need the total orientation

to be negative, and thus the case “Li = ki/2 and 2mi −Mi = Mi + ki + 2” must occur for

odd number of i’s:

PA
−;m-fixed :

{
Li = ki

2 , Mi = mi + ki+2
2 (mod ki + 2), for odd # of i’s

Li arbitrary, Mi = mi (mod ki + 2), for other i
(4.22)

Let us next consider the short orbit branes B̂
(ε)
L,M. For this case, the “Brane Identifi-

cation” involves the change in ε-label: Mi → Mi + ki + 2 for i with odd wi does the flip of

ε in addition to the flip of orientation. Also, the parity acts on the ε label as

ε → ω
H
2 (−1)

σ
2 ε.

Thus, the invariant branes are those with
{

Li = ki
2 , Mi = mi + ki+2

2 (mod ki + 2), i ∈ I

Li arbitrary, Mi = mi (mod ki + 2), i 6∈ I

where I is a subset of {1, . . . , r = 5} obeying some condition that depends on the parity

and case as described in the table. Here Σ is the set of i’s with odd wi (σ = #Σ).

PA
+;m, σ

2 even PA
+;m, σ

2 odd PA
−;m, σ+H

2 even PA
−;m, σ+H

2 odd

#I even even odd odd

#(I ∩ Σ) even odd even odd

4.3 Structure of Chan-Paton factor

Let us now determine the structure of Chan-Paton factor on the D-branes. If not with

orientifolds, N D-branes on top of each other, i.e., N copies of a D-brane, support U(N)

gauge group. In the orientifold model, this is modified. If the D-brane Ba is not invariant

under the parity, P : Ba → B′
a 6= Ba, the gauge group is still U(N) since Ba-Ba string is

simply related to B′
a-B

′
a string under the orientifold projection. However, for an invariant

D-brane, a non-trivial projection is imposed on the open string ending on it, and the gauge

group is usually either O(N) or USp(N) = Sp(N/2). In the latter case N must be even,

which is one of the consistency requirement.

Thus, we would like to find the orientifold projections on invariant D-branes. Let

ψµ

− 1
2

|IJ〉 (1 ≤ I, J ≤ N) be the open string states corresponding to the massless gauge

bosons. The parity action is

ψµ

− 1
2

|IJ〉 7→ −
∑

I′J ′

γII′ψ
µ

− 1
2

|J ′I ′〉γ−1
J ′J

where γT = ±γ is required for the parity to be involutive. The gauge group is O(N) if

γT = γ (solved by γ = 1N ) and Sp(N
2 ) if γ = −γT (solved by γ =

(
0−1
1 0

)
). One consequence

is that

Tr
∣∣∣
gauge boson

PqH = −2tr(γT γ−1)q
1
2 = −2Nσq

1
2 ,
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where

σ =

{
1 if O(N)

−1 if Sp(N
2 ).

(4.23)

Thus, to find out the type of the Chan-Paton factor, we want to look at the sign in front

of the gauge boson part q0 in the twisted partition function TrPqH = i〈B|qH
t |C〉.

It is straightforward to compute the 〈B|C〉 overlaps of the minimal model and their

loop-channel expansions. In particular, the ground state contribution is

NSNS
〈BL,M,S|qH

t |C2m,0(∓)〉 =





e∓
πi
4 δM,mδS,0

e±
πi
4 δM,mδS,1

e±
πi
4 δL, k

2
δM,m+ k+2

2
δS,0

e∓
πi
4 δL, k

2
δM,m+ k+2

2
δS,1





× χ̂0,0,0(ql) + · · · (4.24)

where the delta functions are mod k + 2 for M -indices and mod 2 for S-indices. For the

universal part, we find

〈B+|qH
t |C+〉NSNS

= 〈B−|qH
t |C−〉NSNS

= e−
πi
4 q−

1
2

∞∏

n=1

(1 − i(−1)nq
n− 1

2
l )2,

〈B+|qH
t |C−〉NSNS

= 〈B−|qH
t |C+〉NSNS

= e
πi
4 q−

1
2

∞∏

n=1

(1 + i(−1)nq
n− 1

2
l )2,

up to the factors from bosonic transverse oscillators, longitudinal modes, and ghost/super-

ghost sectors. Combining the above equations, we find

〈BL,M|qH
t |Cω;m〉

NSNS

=ω− 1
2 e

πi
4

(−1+r1−r2)q−
1
2

∞∏

n=1

(1 − i(−1)nq
n− 1

2
l )2 − ω

1
2 e

πi
4

(1−r1+r2)q−
1
2

∞∏

n=1

(1 + i(−1)nq
n− 1

2
l )2

+ · · · (4.25)

up to the universal factor, where we have decomposed r as r1 + r2;

r1 = #{i|Mi = mi}
r2 = #{i|Li = ki

2 ,Mi = mi + ki+2
2 }

Note that

ω
1
2 e

πi
4

(1−r1+r2) = e
πi
4

(1−r)ω
1
2 e

πi
2

r2 = −ω
1
2 e

πi
2

r2

where r = 5 is used. It is a sign factor since r2 is even for ω = 1, and r2 is odd if ω = −1.

This is the sign σ that determines the structure of Chan-Paton factor. N D-branes support

O(N) gauge group if it is +1 while they support Sp(N/2) gauge group if it is −1:

−ω
1
2 e

πi
2

r2 =

{
1 =⇒ O(N),

−1 =⇒ Sp(N
2 ).

(4.26)

For example, consider the case where ω
1
2 = −1. Then, the branes with Mi = mi for all

i support O(N) gauge group, those with two i’s with Li = ki
2 ,Mi = mi + ki+2

2 support

– 49 –



J
H
E
P
0
2
(
2
0
0
7
)
0
0
1

M=

M=0

L= k
2 2
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Figure 11: Two branes invariant under the parity with m = 0.

Sp(N/2) gauge group, and those with four i’s with Li = ki
2 ,Mi = mi +

ki+2
2 support O(N)

gauge group.

To see the LG image of this rule, let us look at the two kinds of invariant branes in

the minimal model, one with M = m another with L = k
2 , M = m + k+2

2 . The M = m

branes intersect transversely with the O-plane and the L = k
2 , M = k+2

2 branes are parallel

to the O-plane. We have seen above that replacing transverse branes by parallel brane in

two factors flips the type of the CP factor from O(N) to Sp(N
2 ) and vice versa. Note that

two factors means real four-dimensions. This is very much reminiscent of what happens

in the standard superstring in flat space. For example, consider a Type II orientifold

with an O7-plane. If D7-branes parallel to O7-plane support O(N), D7-branes intersecting

orthogonally to O7-plane in real four-dimensions support Sp(N
2 ). (This is what happens if

we obtain this system by T-duality from Type I and decompactification [55], but we could

also consider the opposite case — parallel branes support Sp(N
2 ) and orthogonal branes

support O(N).)

The result (4.26) applies also to invariant short-orbit branes, since the overlap with

the crosscap state does not receive contribution from the twisted sector.

4.4 A class of consistent and supersymmetric D-brane configurations

We have obtained the expression of the charge and the supersymmetry of the O-plane, and

we also described the orientifold action on rational D-branes and the structure of CP-factor

of the invariant D-branes. Thus we have obtained the condition of consistency as well as

the spacetime supersymmetry on the D-brane configurations. Now, we are interested in

finding solutions. It is not an easy task to classify all solutions because the rank of the

charge lattice is very large (typically 100) and also there are many D-branes preserving

the unbroken supersymmetry. In this subsection, we present special solutions. In the case

with odd H, we find one solution in each case. In the case with even H, we present an

algorithm to find a solution. It works in most of the cases but sometimes it fails.
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To simplify the notation, we consider the O-plane of the reversed orientation. Namely,

we use −|Cω;m〉
RR

in place of the RR-crosscap state. For this choice the RR-charge and

the phase for the spacetime supersymmetry (e.g. the ones in the table of page 46) have

extra minus sign.

4.4.1 Odd H

If H is odd, we have seen that the RR-charge of the crosscap state is equal to the RR-charge

of one of the D-branes, which is Bk−1
2

,k−1
2

. One can also see that this brane preserves the

same spacetime supersymmetry unbroken by the orientifold — the phases (4.9) and (4.10)

are both −ir exp(−πi
∑

i
ki−1

2(ki+2) ). Furthermore, this brane is invariant under the orien-

tifold action. This can be shown as follows. As we found above, the brane is mapped to

Bk−1
2

,−k−1
2

. Here, we note that H = (ki+2)wi where wi is an integer — in fact wi is an odd

integer in the present case where H is odd. This means that H ≡ ki + 2 mod 2(ki + 2), or

(H − 3) ≡ ki − 1 mod 2(ki + 2).

Using this we find that the orientifold action is

PA : Bk−1
2

,k−1
2

−→ Bk−1
2

,−k−1
2

= Bk−1
2

,−k−1
2

+(H−3)1 = Bk−1
2

,k−1
2

.

Namely the brane Bk−1
2

,k−1
2

is mapped to itself under the orientifold action.

Thus, we find that a consistent and spacetime supersymmetric configuration is given

by four Bk−1
2

,k−1
2

’s. This may be regarded as the configuration of four D-branes “on top

of” the O-plane, although we do not have a geometrical picture.

One consequence of this result is that, when continued on the Kähler moduli space

from the Gepner point to a large volume limit, the branes Bk−1
2

,k−1
2

becomes the D-brane

wrapped on the D6-brane wrapped on the fixed point set of the involution τ : Xi → X i.

For example, the D-brane wrapped on the real quintic in the quintic hypersurface in CP
4

is the continuation of B1,1.

4.4.2 Even H

If H is even, the RR-charge of the O-plane is expressed as in (4.8) as the sum or the

difference of the untwisted part of the RR-charge of two kinds of branes, Bk
2

,k
2
+m−δm

and

Bk
2

,k
2
+m+δm

. However, generically the two preserve different combinations of supersymme-

try as one can see from their phases, and in particular, neither one of them preserve the

supersymmetry unbroken by the orientifold. In order to preserve spacetime supersymme-

try, one has to find the set of D-branes all with the same phase whose RR-charge in total

equals that of the O-plane. We study the example (ki + 2) = (8, 8, 4, 4, 4) in detail.

• PA
±;00000

This is a special case in which the two D-branes are the same. For the PA
+;00000-

orientifold, the O-plane has no RR charge and hence it gives a consistent supersym-

metric configuration without adding any D-branes. For the PA
−;00000-orientifold, the

O-plane charge is equal to −4[Bk
2

,k
2
] = −4[B̂

(+)
k
2

,k
2

+ B̂
(−)
k
2

,k
2

]. Thus, four B̂
(+)
k
2

,k
2

and four
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Figure 12: The recombination of the branes for γ1,1 + γ1,3 (middle) and γ1,1 − γ1,3 (right).

B̂
(−)
k
2

,k
2

provide a tadpole canceling brane configuration. Note that the twisted part

of the RR-charge carried by the (+)-brane and the (−)-brane cancel against each

other. One can also see that they preserve the same supersymmetry unbroken by the

orientifold with ω
1
2 = −i. The + branes and − branes are exchanged with each other

under the orientifold. Hence the gauge group supported by the branes is U(4).

• PA
±;00001

The O-plane charge is given by

[OP A
±;00001

] = − 2[B̂k
2

,(33111)] ± 2[B̂k
2

,(33113)].

The two D-branes indeed preserve different combinations of supersymmetry since the

M -labels of the 5-th factor are different. Let us now focus on this factor. As one can

see from figure 12, the sum and the difference of the two charges can be recombined

as follows (to simplify the notation, we denote γL,M+1,1 by γL,M):

[γ+
1,1] − [γ+

1,3] = [γ+
2,0] + [γ+

0,0], [γ+
1,1] + [γ+

1,3] = [γ+
2,2] + [γ+

0,2].

In either case, the two resulting wedges have a common “mean-direction”. This

shows that the two new D-branes that result from the recombination preserve the

same supersymmetry. The new D-branes are BL1,M1
and BL2,M1

for ω = 1 and

B̂L1,M2
and B̂L2,M2

for ω = −1, where

L1 = (33110), L2 = (33112), M1 = (33110), M2 = (33112).

They split into the sum of the (+) and the (−) short orbit branes. Thus, we find

supersymmetric and tadpole-canceling configurations are given by:

two each of B̂
(+)
L1,M1

, B̂
(−)
L1,M1

, B̂
(+)
L2,M1

, B̂
(−)
L2,M1

for PA
+;00001-orientifold (ω

1
2 = −1),

two each of B̂
(+)
L1,M2

, B̂
(−)
L1,M2

, B̂
(+)
L2,M2

, B̂
(−)
L2,M2

for PA
−;00001-orientifold (ω

1
2 = −i).

Again, we need the same number of + branes and − branes to cancel the twisted

part of the RR-tadpole. In both cases, the + branes and the − branes are exchanged
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Figure 13: The recombination of branes for γ3,3 + γ3,5 (middle) and γ3,3 − γ3,5 (right).

by the orientifold action (Li fixed for PA
+;00001 and exchanged for PA

−;00001). Therefore

the gauge group is U(2) × U(2).

• PA
±;01000

O-plane charge is proportional to the difference or the sum of Bk
2

,(33111) and Bk
2

,(35111).

For this case, we focus of the second factor. The recombination relevant for this

is depicted in figure 13. In each case, the “mean-directions” of the two wedges

are aligned after the recombination. We also note that, in each of these cases, the

two branes are mapped into each other by rotation of four steps. To be precise,

the orientation is revered but that is compensated by the orientation reversal for

the L = k1
2 brane of the first factor. Thus, they are in the same (long) orbit of

the Z8 orbifold group. We therefore found a supersymmetric and tadpole-canceling

configuration: four BL3,M3
for the PA

+;01000-orientifold (ω
1
2 = −1) and four BL4,M4

for the PA
−;01000-orientifold (ω

1
2 = −i), where

L3 = (30111), M3 = (30111), L4 = (32111), M4 = (34111).

These branes are invariant under the respective orientifolds. The gauge group is O(4)

for both PA
+;01000 (ω

1
2 = −1) and PA

−;01000 (ω
1
2 = −i).

• PA
±;00011

O-plane charge is proportional to the difference or the sum of Bk
2

,(33111) and Bk
2

,(33133).

For this case, we need to focus on the two factors, 4-th and 5-th. The recombination

to align the “mean-directions” is not obvious, but we can use the following trick. It

is to use the identity

A1A2 − B1B2 =
1

2
(A1 + B1)(A2 − B2) +

1

2
(A1 − B1)(A2 + B2).

For the PA
+;00011-orientifold, we find

(γ1,1)
2 − (γ1,3)

2 =
1

2
(γ1,1 + γ1,3)(γ1,1 − γ1,3) +

1

2
(γ1,1 − γ1,3)(γ1,1 + γ1,3)

=
1

2
(γ0,2 + γ2,2)(γ0,0 + γ2,0) +

1

2
(γ0,0 + γ2,0)(γ0,2 + γ2,2)
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where we have used the recombination used in the case of PA
±;00001. This indeed aligns

the sum of “mean-directions”, and thus a supersymmetry is preserved — it is the

one preserved by the ω
1
2 = −1 orientifold. The resulting brane configuration is the

collection of sixteen branes B̂
(±)
Li,Mj

, i = 5, 6, 7, 8, j = 5, 6 where

L5 = (33100), L6 = (33102), L7 = (33120), L8 = (33122),

M5 = (33120), M6 = (33102).

The orientifold exchanges the + and − labels (and acts on the Li labels in a certain

way). Thus the gauge group is U(1)8.

For the PA
−;00011-orientifold, the same procedure on the 4-th and 5-th factors gives

(γ1,1)
2 + (γ1,3)

2 =
1

2
(γ0,0 + γ2,0)

2 +
1

2
(γ0,2 + γ2,2)

2

and the sum of the “mean-directions” are not aligned. (The two terms have opposite

phases.) Thus, this recipe of recombination does not work to find a supersymmetric

configuration. In fact, in this case, the O-plane tension is vanishing (see the table

in page 5), and there is no supersymmetric brane configuration that cancels the

RR-tadpole.

• PA
±;01001

This case is similar to the above. For the PA
+;01001-orientifold, the recombination

successfully aligns the “mean-direction” and we find that a supersymmetric and tad-

pole canceling configuration is given by two each of BL9,M7
, BL10,M7

, BL11,M8
and

BL12,M8
, where

L9 = (32110), L10 = (32112), L11 = (30110), L12 = (30112),

M7 = (34110), M8 = (30112).

The preserved supersymmetry is that of ω
1
2 = −1. M = M7 branes are invariant

under the orientifold action and are of Sp-type, whereas the two M = M8 branes are

mapped to each other. Thus the gauge group is Sp(1) × Sp(1) × U(2).

For the PA
−;01001-orientifold, recombination does not work.

• PA
±;11000

For the PA
+;11000-orientifold, a supersymmetric and tadpole canceling configuration is

given by two each of BL13,M9
, BL14,M9

, BL15,M10
and BL16,M10

, where

L13 = (20111), L14 = (26111), L15 = (02111), L16 = (04111),

M9 = (40111), M10 = (04111).

The preserved supersymmetry is that of ω
1
2 = −1. Orientifold action preserves the

M-label but exchanges the L-labels as L13 ↔ L14 and L15 ↔ L16. Thus the gauge

group is U(2) × U(2).

For the PA
−;11000-orientifold, recombination does not work.
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4.5 Particle spectra in some supersymmetric models

Let us find out the spectrum of massless particles for the configurations obtained in the

previous subsection. The problem here is to count the numbers of scalar fields in various

open string sectors and study the action of parity on them. They are read off from the

annulus and Möbius strip amplitudes. Here are some essential facts:

• The open string states ⊗i(li, ni, si) between two D-branes BL,M and BL′,M′ satisfy

ni = M ′
i −Mi +2ν mod (2ki +4), and li’s are also constrained from the SU(2) fusion

rule.

• Massless scalars correspond to chiral or antichiral primary states ⊗i(li, li, 0) or

⊗i(li,−li, 0) with
∑

i
li

ki+2 = 1. They are the lowest components of four-dimensional

N = 1 chiral or antichiral multiplets, and are related to each other by the worldsheet

orientation reversal. Namely, chiral primary states on B − B′ string and antichiral

primary states on B′ − B string are related to each other.

• For the open string states on the parity invariant D-branes we have to study the

action of parity. If the brane BL,M is invariant under the parity PA
ω,m, the open

strings ⊗i(li, ni, si) on the Möbius strip satisfy ni = 2Mi − 2mi + 2ν mod (2ki + 4),

and the constraint on li from the SU(2) fusion rule. For chiral or antichiral states

satisfying the above two conditions, the parity eigenvalue is then given by

P = −iων− 1
2 (−i){#of (si=2)}, (4.27)

where we have to put ω
1
2 = −1 or −i for ω = ±1 as before.

We present here the relevant amplitudes that lead to the above conclusions. (We

describe them for general r and d but we are interested in the case r = 5 and d = 1.) The

NS part of the annulus amplitude between the A-branes BL,M and BL′,M′ is given by

1

2

H∑

ν=1

∑

li

r∏

i=1

N li
LiL′

i
×

{
χ(st)NS+

r∏

i=1

χNS+
li,M ′

i−Mi+2ν
− χ(st)NS−

r∏

i=1

χNS−
li,M ′

i−Mi+2ν

}
(4.28)

where χNS±
l,n = χl,n,0 ± χl,n,2 are linear combinations of minimal model characters and

χ(st)NS± represent the non-compact spacetime R2d+2 plus ghost contribution

χ(st)NS± = q−
d
8 (1 ± 2d · q 1

2 + · · ·). (4.29)

For pairs of short-orbit branes, the sum over the open string states is subject to the

projection
1

4
(1 + εε̄

∏

wi odd

(−1)
1
2
(li+M ′

i−Mi)) (4.30)

The NS part of Möbius strip amplitude between the A-brane BL,M and its image under

the parity PA
ω;m is given by

Re



ie

πi(r−d)
4

H∑

ν=1

∑

li

ω− 1
2
−νχ̂(st)NS+

r∏

i=1

N li
LiLi

χ̂NS+
l,2Mi−2mi+2ν



 , (4.31)
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where χ̂(st)NS± represent the spacetime and ghost contributions

χ̂(st)NS± = q−
d
8 (1 ± 2id · q 1

2 + · · ·) (4.32)

and χ̂NS±
l,n are defined by

χ̂NS±
l,n = (−1)

1
2
(l+n)(χ̂l,n,0±iχ̂l,n,2), χ̂l,n,s(τ) = e−πi( l(l+2)−n2

4k+8
+ s2

8
− c

24
)χl,n,s(τ+1/2). (4.33)

For short-orbit branes the amplitude gets an extra factor of 1
2 . It is easy to read off the

parity eigenvalue (4.27) for (anti)chiral primary states from this formula.

4.5.1 Odd H

We have seen that the configuration of four Bk−1
2

,k−1
2

’s in the PA
+,0-orientifold is supersym-

metric and free of tadpoles, and the gauge symmetry is O(4) in all cases. However, the

spectrum of massless matters depends on the model. Let us illustrate here our analysis in

some examples.

• ki = (33333)

On the annulus and on the Möbius strip we find one chiral primary state ⊗5
i=1(2, 6, 2)

which is equivalent to ⊗5
i=1(1, 1, 0). Since this has P = 1, there is one chiral multiplet

belonging to the symmetric tensor representation 10 of O(4).

• ki = (11777)

There are two chiral multiplets, which appear on the Möbius strip as chiral primary

states ⊗i=1,2(0, 4, 2)⊗i=3,4,5 (6, 10, 2) and ⊗i=1,2(0, 0, 0)⊗i=3,4,5 (4, 12, 2) respectively.

The former has P = 1 while the latter has P = −1, so they belong to one symmetric

and one antisymmetric tensor representations of O(4).

The analysis of other models goes in much the same way. The result is summarized in

the table below.

(ki) (3,3,3,3,3) (1,1,7,7,7) (1,3,3,3,13) (1,1,3,13,13) (1,1,5,5,19) (1,1,3,7,43)

#10 1 1 2 2 2 8

#6 0 1 1 1 3 3

4.5.2 Even H — two parameter model ki = (66222) in detail

• PA
−;00000

Four short-orbit branes B̂
(+)
k
2

,k
2

and their parity images support U(4) gauge symmetry,

and there is a single adjoint matter.

• PA
±;00001

The structure of massless spectrum are the same for the two examples

PA
+;00001 : 2B̂

(+)
L1,M1

+ 2B̂
(−)
L1,M1

+ 2B̂
(+)
L2,M1

+ 2B̂
(−)
L2,M1

,

PA
−;00001 : 2B̂

(+)
L1,M2

+ 2B̂
(−)
L1,M2

+ 2B̂
(+)
L2,M2

+ 2B̂
(−)
L2,M2

,
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IV VI

IVII VIII II

III V

Figure 14: quiver diagram representing a D-brane configuration with PA
+;00011

with L1 = (33110), L2 = (33112), M1 = (33110), M2 = (33112). In both cases, the

gauge group is U(2)×U(2) and there are matters in the representation (2, 2̄)⊕(2̄,2).

• PA
±;01000

Here we found the configurations with four long-orbit branes which are invariant

under the parity. The PA
+;01000-orientifold with four B(30111),(30111) gives

O(4) pure Super-Yang-Mills.

The PA
−;01000-orientifold with four B(32111),(34111) gives

O(4) with one symmetric and one antisymmetric matters.

• PA
+;00011

Here we find a very interesting situation. The tadpole canceling configuration we

have found is eight short-orbit branes BI, · · · , BVIII and their parity images, where

BI = B̂
(+)
L5,M5

, BII = B̂
(+)
L6,M5

, BIII = B̂
(+)
L7,M5

, BIV = B̂
(+)
L8,M5

,

BV = B̂
(+)
L5,M6

, BVI = B̂
(+)
L6,M6

, BVII = B̂
(+)
L7,M6

, BVIII = B̂
(+)
L8,M6

,

with L5 = (33100), L6 = (33102), L7 = (33120), L8 = (33122), M5 = (33120), and

M6 = (33102). The gauge group is U(1)8, and we have quite a few matter fields

which are charged under two of U(1)’s. The spectrum are the most neatly expressed

in terms of the quiver diagram, where each arrow represents a chiral multiplet charged

+1 and −1 under the U(1)’s on its head and tail. Note that the gauge theory is chiral.

There is a mixed U(1)a U(1)2b anomaly for each pair (a, b) of neighboring groups of the

quiver (i.e. VII-I,IV-VII,VI-IV,VI-I for the first square, and similarly for the second

square). Anomaly cancellation mechanism will be discussed in section 5.2.

• PA
+;01001

For this parity we found a tadpole canceling configuration

2BL9,M7
+ 2BL10,M7

+ 2BL11,M8
+ 2BL12,M8
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with L9 = (32110), L10 = (32112), L11 = (30110), L12 = (30112), M7 = (34110),

and M8 = (30112). The gauge group is Sp(1) × Sp(1) × U(2) and there are matters

in the representations

2×(2,2,1) ⊕ (2,1,2) ⊕ (1,2, 2̄).

This system is also chiral. There are mixed U(1) Sp(1)2a anomalies. Anomaly cancel-

lation mechanism will be discussed in section 5.2.

• PA
+;11000

We found a D-brane configuration

2BL13,M9
+ 2BL14,M9

+ 2BL15,M10
+ 2BL16,M10

with L13 = (20111), L14 = (26111), L15 = (02111), L16 = (04111), M9 = (40111),

and M10 = (04111). The gauge group is U(2) × U(2), and the matter belongs to

(2, 2̄) ⊕ (2̄,2).

4.6 More general tadpole canceling configurations

In the previous subsection, we have seen that it is generically rather easy to find a su-

persymmetric tadpole canceling brane configuration for Type IIA orientifolds of Gepner

models. When all levels are odd, these configurations corresponds to placing 4 D-branes

on top of the O-plane, and leads to O(4) gauge group with some matter content which

depends on the particular model. On the other hand, we have seen that when some levels

are even, we can have somewhat more interesting configurations which support unitary

gauge groups and chiral matter.

It would be interesting to know whether these are all solutions and if not, how to

describe the set of all possibilities. Let us recall the general nature of the problem. First of

all, we emphasize once again that we have only been considering certain rational boundary

states, which are just a subset of all possible branes that could be used to cancel the

tadpoles. It would be interesting to see if one can obtain more interesting possibilities by

using for example the boundary states constructed in [56] (which are still rational, but

more general than the ones we have considered here). Secondly, we wish to point out

that the problem of finding tadpole canceling configurations does not actually depend on

whether we are considering Type IIA or Type IIB (the two are just exchanged by mirror

symmetry). In other words, it is sufficient to discuss the conditions (4.1) in the internal

CFT.

With these comments in mind, we are looking for sets of rational D-branes which

(i) have the same RR-charge as the O-plane,

(ii) are invariant under the parity,

(iii) allow a consistent assignment of Chan-Paton factor,

and, if we are interested in spacetime supersymmetric configurations,
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(iv) preserve a common N = 1 supersymmetry.

These conditions are solved in steps.

Step 1: Choose the parity P . Compute the RR-charge [OP ] and the preserved spacetime

supersymmetry MO of the corresponding O-plane.

Step 2: Make a list of rational branes Bi preserving the same spacetime supersymmetry as

the O-plane, and compute their RR-charges [Bi]. We note that we have to distinguish

branes even if they have the same RR charge.

Step 3: Determine for each brane its image BP (i) under the parity. If a brane is fixed

under the parity, determine whether the gauge group is of O or Sp-type. We will use

an indicator σi to concisely denote this gauge group. If the gauge group supported on

ni branes [Bi] is O(ni), we will set σi = +1, if it is of type Sp(ni/2) we set σi = −1.

If the brane is not invariant under P (so the gauge group is U(ni)), we will set σi = 0.

Step 4: Solve the equation ∑

i

ni[Bi] = [OP ] (4.34)

for positive integers ni under the condition that ni = nP (i) and that ni is even if

σi = −1.

Steps 1-3 are of course just those that we have been taking above. The hard part is

solving (4.34). Indeed, while this is a linear equation, there are a large number of equations

to solve (on the order of 100 RR charges) and a large number of variables (on the order

of several thousands branes preserving the same supersymmetry as any given O-plane).

The number of solutions to this Diophantine problem is finite when restricted to positive

integers ni, because there is always one equation in which all ni appear with a positive

coefficient. The simplest way to obtain this equation is to take the overlap with the RR

ground state |0〉RR. By eq. (4.2), this is proportional to the overlap with the NSNS ground

state, so what we are saying is simply that the tensions of the branes are all positive and

must cancel the tension of the O-plane.

Knowing that the number of solutions is finite, one would like to count or even enu-

merate the solutions. A priori, it is not even clear that there is a single one (besides the

somewhat trivial ones we have already found). To estimate the difficulty of the problem, we

notice that the tension of the A-type orientifold in the quintic is about (minus) 20 times the

typical tension of A-branes. So if we try to scan all the configurations in which the tension

of D-branes cancel the negative tension of orientifold, there are roughly
(2000

20

)
∼ 1050 of

them, which is too large a number to look through even with the help of a computer. One

has to resort to a more direct method.

The problem becomes dramatically simpler when the number of equations and the

number of possible branes is smaller. For B-type on the quintic, for example, there are

2 linearly independent equations and 32 variables. This problem (and its analogs for the

two parameter model) can be solved completely, as we do in section 6. If we consider the
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orbifold of the quintic by a certain Z5 phase symmetry (see [24]), it turns out that there are

6 equations in 96 variables. This problem is still tractable, and we present some solutions

in appendix D.

A purely technical difficulty is to find the right basis in which to write the equa-

tions (4.1). The simplest basis might seem to be the basis of RR ground states which are

products of the minimal model ground states in the form

|li〉 =

5∏

i=1

|li, li + 1, 1〉 × |li,−li − 1,−1〉
(

1 ≤ li + 1 ≤ ki + 1,
∑

i

li+1
ki+2 ∈ Z

)
(4.35)

However, the problem is that when written in this basis, the Diophantine equations (4.34)

are not manifestly integral — the coefficients are certain combinations of trigonometric

and exponential functions. To remedy this situation, one can use the fact that (at the level

of charges) some branes can be written as integral linear combinations of other branes.

A convenient choice of reference branes — for any Gepner model — are the branes with

L = 0 and varying M. This “basis” has often been used in previous works on the RS

boundary states in Gepner models. We note three important facts.

(i) The L = 0 branes in general only generate a sublattice of the full BPS charge lattice.

As we have mentioned before, the generic Gepner model has chiral ring elements

from twisted sectors, corresponding to non-toric blowups in the geometry. The corre-

sponding RR fields do not couple to the RS branes, which preserve a diagonal chiral

algebra in each minimal model.

(ii) The L = 0 branes are not in general primitive generators of the charge lattice. It is

an outstanding problem to find boundary states which are integral generators of the

charge lattice.

(iii) The charges of the L = 0 branes are not linearly independent. It can sometimes be

a little cumbersome to eliminate these relations in (iii) in order to find the linearly

independent conditions. We discuss how this can be done in appendix C.

O(4) configuration is not always possible

To conclude this section, we answer (in the negative) the following question: At large

volume, the tadpole of the O6-plane is always exactly canceled by the four D-branes all

wrapping on it. Can we always find a corresponding solution at the Gepner point? We

have found such a configuration for each of odd H Gepner models. However, in the model

with even H one cannot always find such a configuration. In the two parameter model, it

turns out that the only such solutions are those for PA
±,01000 found already.

To see this, let us first look at the tensions of the O-planes. For the PA
ω;m-orientifold,

it is related to the tension of the D-brane B(33111),M by

TOA
+;m

= −4 sin πn
8 T(33111),M,

TOA
−;m

= −4
∣∣cos πn

8

∣∣ T(33111),M
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where n :=
∑

i wimi if we assume mi = 0 or 1. One can show that there is no O(4)

configurations when n = 0 or 4, in the following way. In these cases the O-plane tension,

if nonvanishing, is equal to −4T(33111),M, but the brane B(33111),M is sum of two short

orbit branes. Moreover, any elementary brane has tension less that T(33111),M. Thus, the

O-plane tension cannot be canceled with just four identical elementary branes. For n = 1, 2

or 3 the tensions are rewritten as

TOA
+;m

= −4T(3,n−1,1,1,1),M = − 4T(n−1,3,1,1,1),M,

TOA
−;m

= −4T(3,3−n,1,1,1),M = − 4T(3−n,3,1,1,1),M

and similarly for n = 5, 6, 7. There are no other branes with the same tension. Thus the

only configurations with four identical D-branes that can cancel the O-plane tensions are

PA
+;00001 ⇒ 4B(31111),M ,

PA
+;01000 ⇒ 4B(30111),M ,

PA
+;01001 ⇒ 4B(32111),M ,

PA
+;11000 ⇒ 4B(31111),M ,

PA
−;00001 ⇒ 4B(31111),M ,

PA
−;01000 ⇒ 4B(32111),M ,

PA
−;01001 ⇒ 4B(30111),M ,

PA
−;11000 ⇒ 4B(31111),M

and those obtained by exchanging L1 and L2.

Let us then see whether any of the above relations are lifted to the full equality between

the RR-charges. The possibilities in the first and the fourth rows can be easily excluded by

looking at their transformation property under the permutations of the first two minimal

models. Also, those in the first and the third rows are excluded because the branes cannot

be parity invariant under any choice of M label. This is easily seen by noting that, for

the branes BL,M in the two parameter model to be invariant under PA
ω,m, Mi − mi have

to be all even or all add. Thus we are left with the ones in the second row, for which the

permutation of minimal models, parity invariance and O(4) gauge symmetry reduce the

possibilities to

PA
+;01000 ⇒ 4B(30111),(30111) , PA

+;01000 ⇒ 4B(30111),(12111) , PA
−;01000 ⇒ 4B(32111),(34111) .

Two of them are the configurations that was already found before. The remaining (second)

case does not satisfy the full tadpole condition, as can be guessed from the comparison with

the first one and confirmed by a more detailed analysis of the tadpole condition.

5. Chirality, anomaly cancellation, and Fayet-Iliopoulos terms

In this section, we take a break and make some general remarks on chirality, anomaly

cancellation mechanism, and Fayet-Iliopoulos terms.

5.1 Chirality and Witten indices

Chirality of the theory can be measured by the open string Witten indices of the internal

CFT,

I(B,B′) = Tr
H

B,B′

(−1)Fint ,

I(B,OP ) = Tr
HB,P (B)

(−1)FintP.

– 61 –



J
H
E
P
0
2
(
2
0
0
7
)
0
0
1

To see this, note that the GSO operator can be written as the product (−1)F =

(−1)Fint(−1)Fst . The spacetime part (−1)Fst acts on the RR sector states, that is, on

the spacetime fermions, as the gamma-five matrix, Γ5 = Γ0Γ1Γ2Γ3. Thus, by the GSO

projection, the Witten index of the internal part Tr(−1)Fint is proportional to TrmasslessΓ
5,

which measures the chirality of the theory.

Let B and B′ be branes that are not the orientifold images of each other, P (B) 6= B′.

The parity maps the B-B′ string to the P (B′)-P (B) string, and hence the orientifold projec-

tion simply relates the two string sectors. The chirality of the bifundamental representation

is given by the index

#(nB,nB′) − #(nB ,nB′) = I(B,B′). (5.1)

By definition, it must be antisymmetric with respect to the exchange of B and B′. This is

guaranteed by the antisymmetry of the index in the internal CFT, I(B′, B) = −I(B,B′).

The string stretched from a brane B to its parity image P (B) is invariant under the

parity action. Its Chan-Paton factor is nB ⊗ nP (B) = nB ⊗ nB , the second rank tensor

product of nB . The orientifold projection selects the symmetric tensor times the P = 1

states as well as the antisymmetric tensor times the P = −1 states. Note that the ordinary

B-P (B) index is the sum of the index in the P = 1 subspace and the one in the P = −1

subspace, while the twisted index is the difference. Thus, the chirality of the symmetric

and antisymmetric representation is

#S2nB − #S2nB =
1

2

(
I(B,P (B)) + I(B,OP )

)
(5.2)

#A2nB − #A2nB =
1

2

(
I(B,P (B)) − I(B,OP )

)
(5.3)

They must vanish if the brane is parity invariant, P (B) = B, and the representation

nB is real or pseudo-real. This is again guaranteed by the antisymmetry of the indices

I(P (B), B) = −I(B,P (B)), I(OP , P (B)) = −I(B,OP ).

5.1.1 Examples in IIA Gepner models

Let us study the Witten index of branes in Type IIA orientifolds of Gepner model. Long-

orbit A-branes are simply the sum over images under the orbifold group ZH . Accordingly,

the index is also given by the sum of the product of the minimal model indices

I(BL,M, BL′,M′) =

H−1∑

ν=0

5∏

i=1

I(BLi,Mi , BL′
i,M

′
i+2ν). (5.4)

Furthermore, the index for each minimal model is given by the intersection number of

the wedge cycle, I(BLi,Mi, BL′
i,M

′
i
) = #(γ−

Li,Mi
∩ γ+

L′
i,M

′
i
). In many supersymmetric brane

configurations, there are two or more branes with the same M-label. So let us examine

such a pair, BL,M and BL′,M. In the LG picture, the two product branes
∏

i γLi,Mi and∏
i γL′

i,Mi
have the common mean-direction at each minimal model factor. After rotation by

the orbifold group they no longer have the same mean-direction, but there is an interesting
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relation between different steps of rotation: γ+
L′

i,Mi
rotated by a step ν and γ+

L′
i,Mi

rotated

by the opposite step −(ν + 1) have the opposite intersection number with any γLi,Mi :

#(γ−
Li,Mi

∩ γ+
L′

i,M
′
i+2ν

) = −#(γ−
Li,Mi

∩ γ+
L′

i,M
′
i−2ν−2

).

It follows that the ν-th term in (5.4) is opposite to the (H − 1 − ν)-th term, and the sum

vanishes. Thus, we find the

Vanishing Theorem:

The index between two long-orbit branes of the same M-label vanishes.

This helps us in finding chiral pairs of branes in a given model: If two D-branes have the

same M-labels, we find that they are non-chiral before analyzing the spectrum. We will

see a similar vanishing theorem in Type IIB orientifolds.

Supersymmetry does not require that the branes to have the same M-label but only

that
∑

i
Mi

ki+2 to be the same (modulo H). Indeed, in the examples we have studied, there are

many configurations with various M-labels. For example, consider the PA
+;01001-orientifold

with the branes BL9,M7
, BL10,M7

, BL11,M8
and BL12,M8

(two each). We find

I(BL9,M7
, BL11,M8

) = 1, I(BL9,M7
, BL12,M8

) = −1.

Indeed, we have seen that this system is chiral by an explicit spectrum analysis.

5.2 Anomaly cancellation mechanism

Let us consider a tadpole canceling brane configuration {naBa} in a Type II orientifold

with respect to a worldsheet parity symmetry P . The gauge group Ga supported by the

na branes Ba is U(na) if Ba is not invariant under the parity while it is Ga = O(na) or

Sp(na/2) if the brane is invariant. The tadpole cancellation condition is

∑

a

na[Ba] = [OP ].

The standard triangle anomalies in the low energy field theory are proportional to

AU(na) U(nb)2 = I(Ba, Bb) + I(Ba, BP (b)) (5.5)

AU(na)Gravi2 =
∑

b

I(Ba, Bb)nb = I(Ba, OP ). (5.6)

where tadpole cancellation condition is used in the second equation. For the U(na)G
2
b

anomaly with Gb = O(nb) or Sp(nb/2), it is simply I(Ba, Bb) (no extra term I(Ba, BP (b))

as in (5.5)). Note that only the U(1)a subgroup of U(na) is anomalous.

This field theory anomaly is canceled by the Green-Schwarz mechanism [57 – 61]. The

relevant Green-Schwarz terms are obtained from the disc diagrams with bulk insertion of

a RR axion ϑi and one or two boundary insertion of the gauge bosons, or from the RP2

diagrams with insertion of a ϑi and two gravitons. They are proportional to the overlaps

Πa
i = 〈Ba| e−πiJ0 |i〉

RR
, Π̃b

i =
RR

〈i|Bb〉, Π̃P
i =

RR
〈i|CP 〉,
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and are given by

Πa
i A

U(1)a
µ ∂µϑi (5.7)

and

(Π̃b
i + Π̃

P (b)
i )ϑiTrnb

F b ∧ F b, Π̃P
i ϑiTrR ∧ R.

Note that the axion ϑi corresponds to the RR ground state |i〉
RR

that survives the orientifold

projection. If there are 2(h + 1) RR ground states obeying the same R-charge selection

rule as the boundary states, the number of such |i〉
RR

is (h + 1). Also, we have chosen

a basis such that the overlaps Πa
i , Π̃b

i are real. The coupling (5.7) induces an anomalous

U(1)a gauge transformation of the axion

ϑi −→ ϑi + gijΠa
j λa,

where gij is the inverse matrix of gij =
RR

〈j|i〉
RR

which determines the axion kinetic term,

gij∂
µϑi∂µϑj. Then, the triangle anomalies are canceled as a consequence of the bilinear

identity4

∑

i,j

Πa
i g

ij(Π̃b
j + Π̃

P (b)
j

) = I(Ba, Bb) + I(Ba, BP (b)),
∑

i,j

Πa
i g

ijΠ̃P
j = I(Ba, OP ).

The bilinear identity holds for the sum over all RR ground states [17]. However, in the

present case, the sum can be restricted to the orientifold-invariant states |i〉RR , because

(Π̃b
i + Π̃

P (b)
i ) and Π̃P

i are non-vanishing only for such |i〉
RR

. Same is true on the overlap Π̃b
i

for a parity invariant brane, P (b) = b.

For Type IIA orientifolds of a Calabi-Yau manifold M , the RR-ground states |i〉
RR

contributing to the overlap Πa
i with A-branes corresponds to middle dimensional forms,

and the axions are the KK reduction of the RR 3-form on H3(M). At the Gepner point,

the rational A-branes have overlap only with the untwisted states since the boundary states

are sum over images. Thus the Green-Schwarz mechanism works with the untwisted RR-

fields, as long as rational A-branes are concerned. Similar situations are encountered in

the context of toroidal orbifold in [62, 63].

For Type IIB orientifolds of a Calabi-Yau manifold M , the RR-ground states |i〉RR

contributing to the overlap Πa
i with B-branes corresponds to diagonal forms, Hp,p(M), and

the axions are the KK reduction of the RR 0, 2, 4-forms. At the Gepner point, the rational

B-branes generically have overlap with the twisted sector states since the boundary state

is sum over twists. Thus the Green-Schwarz mechanism works with the twisted RR-fields,

just as in Type I orbifolds studied in [60] (see also [64]).

5.3 Fayet-Iliopoulos terms

The coupling (5.7) is extended to the full kinetic term (∂µϑi + gijΠa
j A

U(1)a
µ )2, and its

supersymmetric completion is
∫

d4θ K
(
Y i + Y i + gijΠa

i Va

)
. (5.8)

4Alternatively, one can use the θi-equations of motion (instead of the anomalous transformation). This

again introduces gij here from the axion kinetic term.
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Here Y i is a chiral superfield whose lowest component is a complex scalar whose imaginary

part is the axion yi = ci − iϑi. This means that the real part ci enters into the Fayet-

Iliopoulos parameter [59]

ζa =
∑

i

ciΠa
i .

This is true as long as the gauge group includes U(1) factors, independently of whether the

particle spectrum is chiral.

In Type IIA orientifolds, the superpartner of RR axions are the complex structure

moduli fields which are constrained to the “real section” by the parity invariance. Thus,

the “real” complex structure moduli fields can enter into the FI parameters. In the pre-

vious section, we have constructed many supersymmetric (and tadpole canceling) brane

configurations at the Gepner point. As we move away from the Gepner point in the com-

plex structure moduli space, the phases Πa
0 may no longer align and the branes preserve

different combinations of the spacetime supersymmetry. In such a situation, we expect

either the branes recombine into other branes so that the supersymmetry is restored, or

there is no such configuration and the supersymmetry is broken. This is exactly the situa-

tion described by the above low energy field theory: Under the deformation of ci such that

the FI parameter ζa becomes non-zero, some charged scalar fields become tachyonic and

condense to find a supersymmetric vacua, or supersymmetry is broken. A local model of

such phenomenon was in fact constructed by Kachru and McGreevy [65].

The U(1) gauge boson with non-zero Πa
i acquires a mass by eating a combination of

the moduli fields Y i. This must be a string loop effect to be consistent with the tree level

spectrum at the Gepner point which says that the gauge bosons are all massless. On the

other hand, the tachyonic mass term of some charged open string fields after deformation

of complex structure must be at string tree level. How can these be consistent? To see

this, let us be careful in the factors of gst ∝ g2. The term (5.8) is correct provided that the

gauge kinetic term is normalized as 1
g2 (Fµν)2 and that the y-field is written as y = c

g2 − iϑ

so that the complex structure fields c have the standard NSNS kinetic term 1
g2

st
(∂µc)2.

Then the FI parameter behaves as ζ = c
g2 . Therefore the relevant terms in the effective

Lagrangian depend on the open string coupling g as follows

− 1

g2
(Fµν)2 − (Aµ + ∂µϑ)2 − |DµQI |2 −

g2

2

(
±|QI |2 −

c

g2

)2

,

where QI are open string fields charged under the U(1). We indeed see that the gauge boson

mass is of open string one-loop level (at the vacuum with c = 0), which is consistent with

the tree level spectrum at the Gepner point. Also, we find that the (sometimes tachyonic)

mass term for the charged open string fields is ±c|QI |2 which is indeed tree level.

If all the branes are invariant under the parity, the gauge group has no U(1) factor

and there is no room for FI term. Thus, in such a case, we do not expect the brane-

recombination nor supersymmetry breaking as we move away from the Gepner point, or

any supersymmetric point, as long as each brane remains parity invariant. This is indeed

the case. To be specific, let us show this in the large volume limit (the same can be said
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near the Gepner point). The supersymmetry preserved by the brane W is measured by the

phase of the period integral
∫
W Ω where Ω is the holomorphic 3-form of the Calabi-Yau

manifold. The supersymmetry preserved by the O-plane OP is the phase of
∫
OP

Ω. As we

change the complex structure, these phases vary. We are considering the parity P = τΩ

associated with the antiholomorphic involution τ , and we have

τ∗Ω = eiθτ Ω.

If we use the invariance τW = W , τOP = OP , we find that the phases for
∫
W Ω and

∫
OP

Ω

are both eiθτ /2 up to sign. But they have the same sign since we started with the point

where the phases are the same. Thus, the phases of
∫
W Ω and

∫
OP

Ω are always aligned.

Therefore, as long as the branes are parity invariant, they preserve the same supersymmetry

as the O-plane, under any deformation of the complex structure compatible with the parity.

What is said here can be repeated for Type IIB orientifolds: This time Kähler moduli

enter into the FI terms, corresponding to the fact that the stability of B-branes is controlled

by the Kähler moduli [66 – 68]. In fact, the direct computation of the FI term is done in

similar contexts in [60, 69]. See also [70 – 73] for discussions.

6. Consistency conditions and supersymmetry — B

In this section, we write down the conditions of consistency and supersymmetry and count

the number of solutions, for Type IIB orientifolds. We will follow the general strategy out-

lined in subsection 4.6 and solve the tadpole constraints completely. We find, for example,

that the IIB orientifold of the Gepner model for quintic with respect to the parity with-

out exchange has one the order of 30 billion supersymmetric and exactly solvable brane

configurations.

6.1 Charge and supersymmetry of O-plane

The first step is to study the charge of the O-plane. To this end, it is useful to express it

in terms of the charges of the B-branes which have been studied a lot in the past.

Here again, mirror A-type picture is convenient. We know that the B-parity PB
ω;m is the

mirror of the A-parity PA
eω; em in the model with the orbifold group Γ̃ of order H−1

∏
i(ki+2).

Dressing by global symmetry m (resp. quantum symmetry ω) corresponds to dressing by

quantum symmetry (ω̃i) (resp. global symmetry m̃):

e
−2πi

mi
ki+2 = ω̃i, ω = e

2πi
P

i
emi

ki+2 =: exp

(
2πi

Mω

H

)
.

We discuss the odd H and even H cases separately.

If H is odd, we only have to consider the basic one PB without dressing — dressing by

global symmetry is not involutive and dressing by quantum symmetry is equivalent to no

dressing. The structure of the crosscap state for the mirror A-parity PA is just like (3.19),

where the group Γ is replaced by the mirror orbifold group Γ̃:

|CP A〉 =
1√
|Γ̃|

∑

eγ∈eΓ

γ̃|CPA〉prod.
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This has the same structure as the sum-over-image formula for the boundary state, and

we know that |CPA〉prod has the same RR-charge as the product brane B k1−1

2
,
k1+1

2
,1
×

· · · × B kr−1
2

, kr+1
2

,1. Thus, we find that |CP A〉 has the same charge as the the brane

Bk−1
2

,k+1
2

,1. Taking the mirror, we find that |CP B〉 has the same RR-charge as the B-

brane Bk−1
2

,H
P

i
ki+1

2(ki+2)
,1
. Including the spacetime part, we find the following relation of

RR-charges [
OP B

]
= 4

[
BB

k−1
2

,H
P

i
ki−1

2(ki+2)

]
(6.1)

If H is even, the structure of the crosscap state for the mirror A-parity PA
eω; em is analo-

gous to (3.20). As in that case, we classify the orbit of parity symmetries {γ̃PA
m}eγ∈eΓ with

respect to the subgroup

Γ̃2 = {γ̃2|γ̃ ∈ Γ̃} ⊂ Γ̃.

This is a proper subgroup of Γ̃ if H is even (if H is odd, this agrees with Γ̃ and hence

the orbit sum has a simple structure as we have discussed above). The orbit {γ̃PA
m}eγ∈eΓ

decomposes into blocks {γ̃2PA
m+eν}eγ2∈eΓ2 parametrized by the coset ν̃ ∈ Γ̃/Γ̃2. Thus, the

crosscap state has the following structure

|CP A
eω;fm

〉 =
1√
|Γ̃|

∑

eγ∈eΓ

ω̃−eγ |CeγPA
fm
〉 =

1√
|Γ̃|

∑

eν∈eΓ/eΓ2

ω̃−eν ∑

eγ2∈eΓ2

|Ceγ2PA
fm+eν

〉

where we have used the fact that ω̃i = ±1 and hence ω̃−eγ2
= 1. At this stage we use the

relation |Ceγ2PA
fm+eν

〉 = γ̃|CPA
fm+eν

〉, and also replace the sum over γ̃2 ∈ Γ̃2 by the sum over

γ̃ ∈ Γ̃ times the ratio of the orders |Γ̃2|/|Γ̃|:

|CP A
eω;fm

〉 =
1√
|Γ̃|

∑

eν∈eΓ/eΓ2

ω̃−eν |Γ̃2|
|Γ̃|

∑

eγ∈eΓ

γ̃|CPA
fm+eν

〉 =
1

|Γ̃/Γ̃2|
∑

eν∈eΓ/eΓ2

ω̃−eν


 1√

|Γ̃|

∑

eγ∈eΓ

γ̃|CPA
fm+eν

〉


 .

(6.2)

The expression in the parenthesis of the right hand side has the same structure as the sum-

over-image formula for the boundary states. If ki are all even, this has the same RR-charge

as the brane Bk
2

,k+2
2

+ em+eν−δfm+eν ,1 times the possible orientation flip (−1)
P

i
eνi

ki+2 . Bringing

this mirror relation back into the original side and adding the spacetime part, we find

[
OP B

ω;m

]
=

4

|Γ̃/Γ̃2|
∑

eν∈eΓ/eΓ2

ω̃− em−eν(−1)
P

i
eνi

ki+2

[
BB

k
2

,Mfm+eν

]
(6.3)

where

M em+eν = H
r∑

i=1

ki
2 + m̃i + ν̃i − δemi+eνi

ki + 2
. (6.4)

If there are both even and odd ki, the expression is the obvious mixture of (6.3) and (6.1).

An alternative approach to find the O-plane charge directly in the B-type picture will be

outlined in section 6.3.
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The next thing to find is the phase determining the spacetime supersymmetry preserved

by the branes and the orientifold. For the branes, we find

RR
〈0|BL,M,S〉RR

= e
πi

P
i(

Mi
ki+2

−S
2
)
NSNS

〈0|BL,M,S〉NSNS

and thus the phase is

exp
(
iθB

L,M

)
= i exp

(
πi

M

H

)
(6.5)

For the crosscap, one can see that

RR
〈0|CP B

ω;m
〉 = ω̃ e

πi
P

i

emi−
1
2

ki+2
NSNS

〈0|C eP B
ω;m

〉, (6.6)

where m̃i parametrizes the global symmetry in the mirror which is the quantum symmetry

ω = e
2πi

P
i

emi
ki+2 of the original side. We note here that the NSNS part of the total crosscap

state has the factor ω̃
1
2 , see Eqn (3.59). Thus, the ratio is

exp
(
iθB

ω;m

)
= −iω̃

1
2 exp

(
πi

∑

i

m̃i

ki + 2

)
(6.7)

For completeness, we record here the expression of the O-plane tension;

4ω̃
1
2

NSNS
〈0|C eP B

ω,m
〉 =

4√
H

r∏

i=1

√
2

sin( π
ki+2)

∏

ki: odd

cos
( π

2(ki+2)

)
· 1

|Γ̃/Γ̃2|
∑

eν∈eΓ/eΓ2

ω̃−eν− 1
2 eiΘfm+eν ,

Θ em+eν =
∑

ki even

π(−1)emi+eνi

2(ki + 2)
.

6.1.1 Example — quintic

For the model (ki+2) = (5, 5, 5, 5, 5) corresponding to the quintic, the charge of the O-plane

for the parity PB = PB
+;0 is four times that of the B-brane BB

L,M with L = (1, 1, 1, 1, 1) and

M = 5. [
OP B

]
= 4

[
B1,5

]
. (6.8)

The tension of the O-plane is

4ω̃
1
2

NSNS
〈0|C eP B 〉 =

4ω̃
1
2√
5

√
2

sin(π
5 )

5

cos5
( π

10

)
; ω̃

1
2 = ±1.

The phase determining the spacetime supersymmetry is

eiθB
ω;0 = −iω̃

1
2 (6.9)

while the one for the brane BB
L,M is eiθB

L,M = i eπiM/5. For the orientifold with ω̃
1
2 = −1,

branes preserving the same supersymmetry are BB
L,M=0 and BB

L,M=5. More explicitly,

they are BB
(00000),0, BB

(10000),5 and permutations, BB
(11000),0 and permutations, BB

(11100),5 and

permutations, BB
(11110),5 and permutations, and BB

(11111),5. In total, there are 1 + 5 + 10 +

10 + 5 + 1 = 32 of them.
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parity RR-charge Tension

PB
0;+++++

1
4

(
[Bk

2
,12] + 4[Bk

2
,10] + 6[Bk

2
,8] + 4[Bk

2
,6] + [Bk

2
,4]

)
4ω̃− 1

2
3+2

√
2√

2
√

2−2

PB
0;++−++ 1

4

(
[Bk

2
,12] + 2[Bk

2
,10] − 2[Bk

2
,6] − [Bk

2
,4]

)
4iω̃− 1

2
1+

√
2√

2
√

2−2PB
0;+−+++

PB
0;++−−+ 1

4

(
[Bk

2
,12] − 2[Bk

2
,8] + [Bk

2
,4]

)
−4ω̃− 1

2
1√

2
√

2−2PB
0;+−−++

PB
0;++−−− 1

4

(
[Bk

2
,12] − 2[Bk

2
,10] + 2[Bk

2
,6] − [Bk

2
,4]

)
−4iω̃− 1

2

√
2−1√

2
√

2−2PB
0;+−−−+

PB
0;+−−−−

1
4

(
[Bk

2
,12] − 4[Bk

2
,10] + 6[Bk

2
,8] − 4[Bk

2
,6] + [Bk

2
,4]

)
4ω̃− 1

2
3−2

√
2√

2
√

2−2

Table 6: Charge and Tension of the O-plane (ω = 1)

6.1.2 Example — the two parameter model

Let us consider the model (ki +2) = (8, 8, 4, 4, 4). The parity symmetries PB
ω;m are denoted

as in section 2.3.2 as PB
µ;ε1...ε5 where ω = e2πiµ/8 and εi = e

2πi
mi

ki+2 = ±. We only have to

consider PB
0;ε1...ε5 and PB

1;ε1...ε5 since others are related to these by symmetry conjugations.

Also, there are eight inequivalent choices for (ε1 . . . ε5): (+++++), (++−++), (++−−+),

(+ + −−−), (+ − + + +), (+ −− + +), (+ −−− +), (+ −−−−).

The mirror orbifold group Γ̃ is the set of ν̃ = (ν1, ν2, ν3, ν4, ν5) ∈ Z8×Z8×Z4×Z4×Z4

with ν1+ν2
8 + ν3+ν4+ν5

4 ∈ Z. One may solve for ν1 as ν1 = −ν2 − 2(ν3 + ν4 + ν5), and thus

the group is isomorphic to Z8 × (Z4)
3. This also shows that the element of Γ̃/Γ̃2 is labeled

by the mod 2 reduction of (ν2, ν3, ν4, ν5) and hence Γ̃/Γ̃2 ∼= (Z2)
4.

For parities PB
0;ε1...ε5 without dressing by quantum symmetry, we have m̃ = 0. We

find M em+eν = Meν = 12 − 2(ν2 + ν3 + ν4 + ν5) if ν2, . . . , ν5 are assumed to take values in

{0, 1}. The charge and the tension of the O-plane for the eight cases are summarized in

the table 6. The spacetime supersymmetry preserved by the orientifold is

eiθO = −iω̃
1
2 , (6.10)

where we note that ω̃ = ε1 · · · ε5. Branes preserving the same supersymmetries are

BL,8,BL,0 for ω̃
1
2 = 1; BL,0,BL,8 for ω̃

1
2 = −1; BL,12,BL,4 for ω̃

1
2 = i; and BL,4,BL,12

for ω̃
1
2 = −i.

For parities PB
1;ε1...ε5 dressed by the quantum symmetry ω = e2πi/8, we have m̃ =

(1, 0, 0, 0, 0). We find M em+eν = 12− 2(ν3 + ν4 + ν5) if ν2, . . . , ν5 are assumed to take values

in {0, 1}. The charge and the tension of the O-plane for the eight cases are summarized in

the table 7. The spacetime supersymmetry preserved by the orientifold is

eiθO = −iω̃
1
2 exp

(
πi

8

)
. (6.11)

Branes preserving the same supersymmetries are BL,9,BL,1 for ω̃
1
2 = 1; BL,1,BL,9 for

ω̃
1
2 = −1; BL,13,BL,5 for ω̃

1
2 = i; and BL,5,BL,13 for ω̃

1
2 = −i.
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parity RR-charge Tension

PB
1;+−∗∗∗ 0 0

PB
1;+++++

1
2

(
[Bk

2
,12] + 3[Bk

2
,10] + 3[Bk

2
,8] + [Bk

2
,6]

)
4ω̃− 1

2

√
10+7

√
2√

2−1

PB
1;++−++

1
2

(
[Bk

2
,12] + [Bk

2
,10] − [Bk

2
,8] − [Bk

2
,6]

)
4iω̃− 1

2

√
2+

√
2√

2−1

PB
1;++−−+

1
2

(
[Bk

2
,12] − [Bk

2
,10] − [Bk

2
,8] + [Bk

2
,6]

)
− 4ω̃− 1

2

√
2−

√
2√

2−1

PB
1;++−−−

1
2

(
[Bk

2
,12] − 3[Bk

2
,10] + 3[Bk

2
,8] − [Bk

2
,6]

)
− 4iω̃− 1

2

√
10−7

√
2√

2−1

Table 7: Charge and Tension of the O-plane (ω = e2πi/8)

6.2 D-branes in the orientifold models

6.2.1 Parity action on D-branes

Let us now find how the B-type orientifold acts on the B-branes. We first consider long-

orbit branes. To see the action, we compare the 〈B|C〉 and 〈C|B〉 Möbius strips. We

find

RR
〈CB

ω;m|qH
t |BB

L,M 〉
RR

= ω̃−1 ×
RR

〈BB
L,2Mω−M |qH

t |CB
ω;m〉

RR
, (6.12)

NSNS
〈CB

ω;m|qH
t |BB

L,M〉
NSNS

= −
NSNS

〈BB
L,2Mω−M |qH

t |CB
ω;m〉

NSNS
. (6.13)

This can again be shown using the mirror description. Thus, the parity acts on the branes

as

PB
ω;m : BB

L,M 7−→ ω̃−1BB
L,2Mω−M , (6.14)

where we recall that ω̃−1 = e
2πi

P
i

mi
ki+2 and e2πiMω/H = ω.

Let us now consider short-orbit branes. We denote by S the set of i such that Li = ki
2

If the number of elements |S| is odd, there is no difference from the above result. Thus

we focus on the branes B̂(ε) with even |S|. The action on the (L,M)-label is the same as

above, and the difference appears in the action on the ε-label. We find that the result is

PB
ω;m : ε 7−→ ε′ = (−1)

|S|
2

∏

i∈S

ω̃
ki+2

2
i · ε. (6.15)

6.2.2 Invariant branes

Let us find out which of the B-branes are invariant under the orientifold action. By (6.14),

the condition is BB
L,2Mω−M = BB

L,M . Here it is useful to note the “brane identification”:

BB
L′,M ′ = BB

L,M if and only if M ′ = M and L′
i = Li except for even number of i’s with

L′
i = ki −Li. Also, BB

L′,M ′ = BB
L,M if and only if M ′ = M + H and L′

i = Li except for odd

number of i’s with L′
i = ki − Li. Using this we find that invariant branes are

ω̃ = 1 : BB
L,Mω

, BB
L,Mω+H , L arbitrary, (6.16)

ω̃ = −1 : BB
L,Mω±H

2

, Li = ki
2 for a single i. (6.17)
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This applies also to short orbit branes with odd |S|.
For short-orbit branes B̂

(ε)
L,M with even |S|, this is modified because of the new type

of “Brane identification” where M → M + H does the flip of ε as well as the orientation.

The invariant branes are those with M = Mω (mod H) if ω̃ = 1 and M = Mω + H
2 (mod

H) if ω̃ = −1, just as above but there is an extra condition on the number |S|:

(−1)
|S|
2 = ω̃

∏

i∈S

ω̃
ki+2

2
i . (6.18)

6.2.3 Structure of Chan-Paton factor

Let us find the gauge group supported by N of the invariant D-branes by computing

the 〈B|C〉 overlap in the NSNS sector. The computation can be done most easily in the

mirror picture, but we have to be careful for the factor ω̃−em appeared in (3.33). Using the

formula (4.24) for the minimal model and the ones for the universal sector, we find (up to

the standard factor)

〈BB
L,M |qH

t |CB
ω;m〉

NSNS
= εω;m

L,M

∞∏

n=1

(1 − i(−1)nq
n− 1

2
l )2 − εω;m

L,M

∞∏

n=1

(1 + i(−1)nq
n− 1

2
l )2 + · · ·

where εω;m
L,M is given as follows;

εω;m
L,M = e

πi
4

∑

eν∈eΓ

ω̃ em+eν+ 1
2

∏

i

(
e−

πi
4 δMi, emi+eνi

+ e
πi
4 δ

Li,
ki
2

δ
Mi, emi+eνi+

ki+2

2

)

= −ω̃M+ 1
2

∑

eν∈eΓ

∏

Li 6= ki
2

δMi, emi+eνi

∏

Li=
ki
2

(
δMi, emi+eνi

+ iω̃
ki+2

2
i δ

Mi, emi+eνi+
ki+2

2

)

= −ω̃L+ 1
2

∑

pi∈{0,1}
δ
(H)

M,Mω+
P

i pi
2

H

∏

Li=
ki
2

(
iω̃

ki+2

2
i

)pi

. (6.19)

This is indeed a sign factor for the long-orbit branes for which Li = ki
2 at most for one i,

and M ≡ Mω (mod H) if ω̃ = 1 and M ≡ Mω + H
2 (mod H) if ω̃ = −1. More concretely,

εω;m
L,M =





−ω̃L+ 1
2 ω̃ = 1

−iω̃L+ 1
2 ω̃

ki∗+2

2
i∗

ω̃ = −1.
(6.20)

where i∗ is the one that has Li∗ =
ki∗
2 . The invariant branes with εω;m

L,M = 1 or −1 support

the O or Sp-type gauge symmetries.

One can do the same computation for short-orbit branes satisfying Li = ki
2 for i ∈

S (|S| ≥ 2). Taking into account the correct normalization factor, one finds

εω;m
L,M = −2−[|S|/2]ω̃L+ 1

2

∑

pi∈{0,1}
δ
(H)

M,Mω+
P

i pi
2

H

∏

i∈S

(
iω̃

ki+2

2
i

)pi

.

= −Re

(
2−[|S|/2]ω̃L+ 1

2

∏

i∈S

(1 + iω̃
ki+2

2
i )

)
. (6.21)
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This is indeed a sign factor again: for odd |S| the quantity in the large parenthesis is of

the form (±1±′ i), and for even |S| it squares to

ω̃(−1)
|S|
2

∏

i∈S

ω̃
ki+2

2
i (6.22)

which is unity for parity-invariant short-orbit branes.

6.2.4 Examples

Quintic. The branes in the (5, 5, 5, 5, 5)-model are transformed by the B-parity PB as

BB
L,M 7−→ BB

L,−M . Invariant branes are those with M = 0 and M = 5. All of them support

O(N) (resp. Sp(N/2)) gauge group for the choice ω̃
1
2 = −1 (resp. ω̃

1
2 = 1).

The two parameter model. The branes in the (8, 8, 4, 4, 4)-model are transformed by

B-parities as

PB
0;ε1...ε5 : BL,M 7−→ ε1 · · · ε5BL,−M ,

PB
1;ε1...ε5 : BL,M 7−→ ε1 · · · ε5BL,2−M .

Invariant branes are

PB
0;ε1...ε5, ε1 · · · ε5 = 1 : BB

L,0, B
B
L,8;

PB
0;ε1...ε5, ε1 · · · ε5 = −1 : BB

L∗,4, B
B
L∗,12;

PB
1;ε1...ε5, ε1 · · · ε5 = 1 : BB

L,1, B
B
L,9;

PB
1;ε1...ε5, ε1 · · · ε5 = −1 : BB

L∗,5, B
B
L∗,13.

Here, L∗ is such that Li = ki
2 for a single i. Invariant short-orbit branes with even |S| also

satisfy (−1)
|S|
2 = ε1 · · · ε5. The gauge group depends on

∏
i εLi

i as in (6.20) and (6.21).

6.3 D-brane charges

Recall: Rational branes in the Gepner model (k1, k2, . . . , kr) with H = lcm{ki + 2} are in

bijective correspondence with the following labeling system. We need:

(i) A label L = (L1, . . . , Lr) with 0 ≤ Li ≤ ki/2. We denote by S the set of i for which

Li = ki/2.

(ii) A label M ∈ Z2H with M =
∑

wiLi mod 2. (wi = H/(ki + 2))

(iii) If d + r is even AND all Li < ki/2 (ie, S = ∅), a label S = 0, 2.

(iv) If S 6= ∅ AND d + r + |S| is even, a label ψ = ±.

In this paper, we denote such a brane by BB
L,M,S,ψ, where it is understood that S and

ψ can be omitted or neglected if they are unnecessary. Again, we emphasize that any

brane has a unique label of this type and that any label of this type uniquely specifies a

brane. This labeling system assigns different labels to a brane and its antibrane, but we
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will sometimes take the freedom to indicate the antibrane with a minus-sign. For branes

with an S = 0 label, the antibrane has S = 2, while for branes without an S label, the

antibrane is obtained by sending M 7→ M + H. The spacetime supersymmetry preserved

by such a brane is a phase given by eπi(M/H+S/2).

To summarize the RR charge of these branes, we find it convenient to introduce gen-

erators for the charge lattice. For B-type branes, such a generating set is conveniently

obtained from the charges of the H branes with L = 0, and M = 0, 2, . . . , 2H − 2. The

relations they satisfy can be understood quite easily from divisibility properties of the

weights and we will make this more explicit below. We will denote the linear operator

mapping the H L = 0 branes onto a linearly independent set generically by T . To expand

the charges of the other branes in terms of the L = 0 ones, we shall use as before brackets

[B] to denote the RR charge vector of a brane B. Neglecting for a very short moment the

S and ψ labels, we denote by ([BB
L,M ]) the ZH orbit of rational branes with definite L label

and M label running over M,M + 2, . . . , (M + 2H − 2)(mod2H). We can then write

(
[BB

L,M ]
)

=
(
[BB

0,0]
)
QL,M(g) (6.23)

where the H × H-dimensional matrix QL,M(g) is a simple polynomial expression in the

“shift generator” g, which is the matrix with entry 1 on the first lower diagonal and in the

upper right corner, and zeros elsewhere. Explicitly

QL,M(g) = gM/2
r∏

i=1




Li∑

ki=0

(gi)
Li/2−ki


 , (6.24)

where gi = gwi and wi = H/(ki + 2). Even more explicitly, the components of the charge

vector of the M -th brane on the orbit (6.23) are given by the M -th column of the ma-

trix (6.24). The formula (6.23) can be derived by analyzing the open string one-loop

amplitudes as in [7], see also [27], and we refer to these papers for a more detailed expla-

nation.

If the brane carries an S label, the formula (6.24) is simply multiplied by (−1)S/2. If

the brane has S 6= ∅, the formula (6.24) gets corrected by a fixed point resolution factor

f = 1/2[ν/2], where ν = S+1 if d+r is odd and ν = |S| if d+r is even (see subsection 3.2).

We realize that this factor gets some time to get accustomed to, so we write it out explicitly

for the canonical case r = 5, d = 1, all levels even, such as our two parameter model. Then if

the number of Li which are equal to ki/2 is 1, 2, 3, 4, 5, we have f = 1, 2, 2, 4, 4, respectively.

Let us also note here that in can happen under exceptional circumstance that the brane

charge depends on the ψ label, because the non-toric Kähler parameters sit in the ZH/2

twisted sector. (An example of this is the Gepner model (ki) = (2, 2, 4, 4, 4).)

In section 6.1, we obtained the RR charge of the O-plane using the mirror picture

and expressed it in terms of the D-brane charge. Here we comment on an alternative way,

directly in the B-type picture, to find and express it in terms of the generators of the charge

lattice introduced in this section. We look for a stack of L = 0 branes that have the same

intersection numbers with any other set of branes as the orientifold. Since the L = 0 branes

form a basis of the charge lattice, it is sufficient to check this for a general configuration of
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L = 0 branes. So all we have to do is to solve the linear system “intersection matrix of the

L = 0 branes times a charge vector equals the twisted Witten indices of the L = 0 branes

with the orientifold plane”. The charge vector of this linear system yields the orientifold

charge in terms of the L = 0 branes.

We are now ready to explicitly write down the tadpole cancellation conditions and find

supersymmetric solutions at the Gepner point.

6.4 Solutions of the Tadpole conditions — quintic case

The problem simplifies somewhat for the case of the quintic because there is only a single

possible parity and because all branes preserving the same spacetime supersymmetry as

the O-plane are invariant under the parity. As explained above, we will study tadpole

cancellation using the L = 0 RS branes as a “basis” for the charge lattice. The charges of

these branes satisfy one linear relation

[BB
0,0] + [BB

0,2] + [BB
0,4] + [BB

0,6] + [BB
0,8] = 0 . (6.25)

In conjunction with the invariance of the tadpole canceling brane configuration under

the parity this linear relation implies that the equation (4.34) will reduce to two linearly

independent equations on the ni.

6.4.1 O-plane charge

The charge of the O-plane is given in (6.8) as [OP B ] = 4[B1,5] and thus is expressed in

terms of L = 0 branes as

[OP B ] =
(
[BB

0,0], [B
B
0,2], [B

B
0,4], [B

B
0,6], [B

B
0,8]

)
·




8

20

40

40

20




(6.26)

6.4.2 Supersymmetry preserving branes

As studied in section 6.1.1, for any given parity, the set of rational branes contains 32

branes preserving the same supersymmetry as the O-planes, and these 32 branes have 6

different charges. Representatives of these 6 charges are the branes

[BB
(00000),0

]
, [BB

(10000),5], [B
B
(11000),0], [B

B
(11100),5], [B

B
(11110),5], [B

B
(11111),5]. (6.27)

The other branes are obtained by permuting the L label, leading to multiplicities mi =

1, 5, 10, 10, 5, 1 for the i-th charge, respectively. To simplify the enumeration of solutions,

we will then consider tadpole canceling brane configurations containing ni branes with

charge of each type and subsequently multiply by the combinatorial factor

(
ni + mi − 1

ni

)

counting the number of ways of distributing the charge.
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Using the formulas of the previous subsection, we obtain the following expression for

these 6 charges in terms of those of the L = 0 branes.
(
[BB

(00000),0

]
, [BB

(10000),5
], [BB

(11000),0], [B
B
(11100),5

], [BB
(11110),5], [B

B
(11111),5

]
)

=
(
[BB

0,0], [B
B
0,2], [B

B
0,4], [B

B
0,6], [B

B
0,8]

)
Q (6.28)

where Q is the matrix

Q =




1 0 2 0 6 −2

0 0 1 −1 4 −5

0 −1 0 −3 1 −10

0 −1 0 −3 1 −10

0 0 1 −1 4 −5




. (6.29)

We can take the linear relation (6.25) into account by multiplying from the left with the

matrix

T =




1 0 0 0 −1

0 1 0 0 −1

0 0 1 0 −1

0 0 0 1 −1


 (6.30)

6.4.3 Action of parity on D-branes

As shown above, all branes are invariant under the parity and support an orthogonal gauge

group, ie, we have σ = +1 for all branes in the list (6.27).

6.4.4 Solutions

The positive integers ni must then satisfy the tadpole condition (4.34) in the explicit form

T Q (n1, n2, n3, n4, n5, n5)
t = T (8, 20, 40, 40, 20)t , (6.31)

which indeed reduces to two linearly independent equations,

n1 + n3 + n4 + 2n5 + 3n6 = 12

n2 + n3 + 2n4 + 3n5 + 5n6 = 20 .
(6.32)

Obviously, there is only a finite number of solutions to the equations (6.32) with positive

ni (negative ni means using the antibrane and this breaks supersymmetry). A simple com-

puter aided count shows that there are in fact 417 solutions. For each such solution, the

number of ways of distributing the charge among the 32 branes with the same supersym-

metry is then given by

#(n1, n2, n3, n4, n5, n6) =
6∏

i=1

(
ni + mi − 1

ni

)
(6.33)

where the multiplicities mi are given by 1, 5, 10, 10, 5, and 1. Again using a computer,

one then finds that the grand total number of tadpole canceling brane configurations using

only the rational branes at the Gepner point is equal to 31561671503, as advertised.
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Remarks.

(i) All these solutions of the tadpole conditions we have constructed above have a world-

sheet description in terms of rational conformal field theories based on orbifolds of

N = 2 minimal models, and are “in principle exactly solvable” perturbative string

vacua with N = 1 spacetime supersymmetry in 3 + 1 dimensions. This impressive

number is much larger than a comparable number in heterotic string constructions

(see, e.g., [37]). Of course, all these vacua and their moduli spaces are potentially

unstable to non-perturbative effects.

(ii) We emphasize that in counting the number of solutions, we have not divided out by the

symmetry group S
5 which exchanges the various minimal model factors. It might

seem that this is overcounting, since the solutions mapped onto each other under

such a symmetry must lead to the same perturbative low energy physics. However,

one also has to take into account that the Gepner point is a special point in the

(closed string) Kähler moduli space. There are perturbation away from that point

which break the exchange symmetries, also after orientifold projection. Once such

a perturbation has been turned on (or if the corresponding moduli are fixed away

from the Gepner point by some mechanism), the various solutions will no longer lead

to the same physics at low energies, so we count them as distinct “vacua”. (But,

of course, they are still exchanged if we act on all fields (closed and open strings)

simultaneously.)

(iii) The solutions we have constructed are valid right at the Gepner point. One can ask

what happens to these solutions when one moves away from the Gepner point. On

general grounds, the branes we have used to cancel the tadpoles might disappear

at lines of marginal stability. When this happens, then as discussed in section 5,

we expect that either there is a new supersymmetric brane configuration obtained

by condensing some open string tachyon, or there is none, in which case the Kähler

moduli is lifted at string loop level. On top of this there could also be string non-

perturbative effect that may fix some of the Kähler moduli.

6.4.5 Distribution of gauge group rank

The solutions to the tadpole conditions we have found are certainly too numerous to make

a complete list. But we can gain a qualitative overview over the possibilities by looking at

the distribution of a certain property over the set of all models, for example the rank of the

unbroken gauge group or the number of massless chiral fields. Such a statistical approach

to exploring the string theory vacua has recently been advocated in particular in [1, 82].

Let us here present the result of this type of counting for a very simple quantity, the total

rank of the gauge group.

In all type IIB orientifolds of the quintic we have found, the gauge group is a product

of orthogonal groups G =
∏

j O(Nj), where Nj is a positive integer. By slight abuse of

terminology, we will call the maximal number of U(1) subgroups of G the rank of G. In

particular, the ranks of O(1) and O(2) are defined to be 0 and 1, respectively. Then, for
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Rank Number of solutions

0 41100850

1 410137435

2 1767975754

3 4320652050

4 6758910800

5 7251800650

6 5593308703

7 3227024877

8 1450260204

9 527957402

10 161242450

11 41130702

12 8534850

13 1460250

14 159225

15 14300

16 1001
rank

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1 × 109

2 × 109

3 × 109

4 × 109

5 × 109

6 × 109

7 × 109

Figure 15: Distribution of total rank of gauge group over the solutions of tadpole conditions for

Type IIB orientifold of quintic Gepner model.

each solution of the equations (6.32), we have to distribute the ni (the number of times

a given charge appears) among the various branes with that given charge. This is similar

to what we did in (6.33) to count the total number of solutions, but we have to take into

account that the ranks depends on how we distribute the ni’s. In any event, the rank of a

given solution is then computed as
∑

j

[
Nj

2

]
.

The maximal possible rank is 16 [35]. It is obtained from the solution n1 = 12, n2 = 20

of (6.32) by choosing 12 times the brane B(0,0,0,0,0),0 and 20 branes BL,5 with one Li = 1,

an even number of each. The number of possibilities is
(14

4

)
= 1001. The results for the

other ranks between 0 and 16 are shown in figure 15.

It is interesting that the peak of the distribution lies around rank 5, which is rather

close to the value of the Standard Model. Let us also note that the distribution goes to zero

very rapidly for large ranks, and — somewhat surprisingly — has a rather large support

at small ranks. In particular, rank 0, which corresponds in our language to having only

distinct parity-invariant branes supporting O(1) gauge groups, appears with appreciable

frequency.

6.5 Solutions of the tadpole conditions — Two parameter model

Similarly to the quintic, we use the 8 L = 0 branes to express the charges of the other

branes and the O-planes. The charges of these 8 branes satisfy the two relations

[BB
(00000),0] + [BB

(00000),4] + [BB
(00000),8] + [BB

(00000),12] = 0

[BB
(00000),2] + [BB

(00000),6] + [BB
(00000),10] + [BB

(00000),14] = 0 (6.34)
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For the practical computations, we will use the relations (6.34) to project to a linearly

independent set of 6 charges with the matrix

T =




1 0 0 0 0 0 −1 0

0 1 0 0 0 0 0 −1

0 0 1 0 0 0 −1 0

0 0 0 1 0 0 0 −1

0 0 0 0 1 0 −1 0

0 0 0 0 0 1 0 −1




(6.35)

6.5.1 Parities and O-planes

In the two parameter model, we have various parities PB
(ω;ε1,...,ε5)

to consider. Here ω =

0, 1 and (ε1, . . . , ε5), εi = ±, denote the twisting by quantum and classical symmetries,

respectively. This is a slightly redundant labeling because as we recall (ε1, ε2, ε3, ε4, ε5) is

the same parity as (−ε1,−ε2, ε3, ε4, ε5). The charges of the corresponding O-planes are

given in table 6 and table 7 in subsection 6.1.2.

6.5.2 Supersymmetry preserving branes

Even quantum symmetry

According to the discussion in subsection 6.1.2, O-planes corresponding to parities with

even quantum symmetry dressing preserve a spacetime supersymmetry with even M -label,

MO = 0, 8, 4, 12, depending on the εi’s. Branes preserving the same supersymmetry must

have M = MO or M = MO + 8, and this restricts the possible L labels of the branes to

L1 + L− 2 = even. In order to get familiar with the use of the formula (6.24), we give here

a list of branes preserving the same supersymmetry as any given O-plane as well as their

charges. We only list L labels up to permutation of factors with equal levels. In the last

column, we give the expansion of the brane charge (for MO = 0) in terms of the L = 0

branes, modulo the relations (6.34). As one can see, there are 15 different charges. The

eight-component vectors give, for example, the following equation:

[B̂B
k
2

,M
] =

1

4
[BB

k
2

,M
] = [BB

0,M+4] + 2[BB
0,M+2] + 2[BB

0,M ] + 2[BB
0,M−2] + [BB

0,M−4]. (6.36)

It is also a useful exercise to check the “multiplicity” or number of inequivalent branes with

the same charge.
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charge # L M S g−MO/2Q multiplicity mi

1 (00000) MO 0 (1, 0, 0, 0, 0, 0, 0, 0) 1

2 (00000) MO + 8 2 (1, 0, 1, 0, 0, 0, 1, 0) 1

3 (11000) MO 0 (2, 1, 0, 0, 0, 0, 0, 1) 1

4 (11000) MO + 8 2 (2, 1, 2, 0, 0, 0, 2, 1) 1

5 (20000) MO 0 (1, 1, 0, 0, 0, 0, 0, 1) 2

6 (20000) MO + 8 2 (1, 1, 1, 0, 0, 0, 1, 1) 2

7 (22000) MO 0 (3, 2, 1, 0, 0, 0, 1, 2) 1

8 (22000) MO + 8 2 (3, 2, 2, 0, 0, 0, 2, 2) 1

9 (00100), (00111) MO (0, 1, 0, 0, 0, 0, 0, 1) 4

10 (00110) MO (1, 0, 1
2
, 0, 0, 0, 1

2
, 0) 6

11 (11100), (11111),
(31000), (31110),
(33100), (33111)

MO (2, 2, 1, 0, 0, 0, 1, 2) 16

12 (11110), (20100),
(20111), (31100),
(31111), (33000),
(33110)

MO (2, 1, 1, 0, 0, 0, 1, 1) 38

13 (20110) MO (1, 1, 1
2
, 0, 0, 0, 1

2
, 1) 12

14 (22100), (22111) MO (4, 3, 2, 0, 0, 0, 2, 3) 4

15 (22110) MO (3, 2, 3
2
, 0, 0, 0, 3

2
, 2) 6

Odd quantum symmetry

O-planes corresponding to dressing with odd quantum symmetry preserve a spacetime

supersymmetry with odd M -label M = 1, 5, 9, 13, depending on the εi’s. We are then

restricted to branes with L1 + L2 odd. The list of branes and charges is

charge # L M S g−(MO−1)/2Q multiplicity mi

1 (10000) MO 0 (1, 1, 0, 0, 0, 0, 0, 0) 2

2 (10000) MO + 8 2 (1, 1, 1, 1, 0, 0, 1, 1) 2

3 (21000) MO 0 (2, 2, 1, 0, 0, 0, 0, 1) 2

4 (21000) MO + 8 2 (2, 2, 2, 1, 0, 0, 1, 2) 2

5 (10100), (10111)
(30000), (30110)

MO (1, 1, 1, 0, 0, 0, 0, 1) 16

6 (10110), (30100)
(30111)

MO (1, 1, 1
2
, 1

2
, 0, 0, 1

2
, 1
2
) 28

7 (21100), (21111)
(32000), (32110)

MO (3, 3, 2, 1, 0, 0, 1, 2) 16

8 (21110), (32100)
(32111)

MO (2, 2, 3
2
, 1

2
, 0, 0, 1

2
, 3
2
) 28

6.5.3 Action of parities on D-branes

We summarize the action of the B-type parities PB
ω;ε1,...,ε5 on the branes BB

L,M,S,ψ for the

two parameter model (6, 6, 2, 2, 2).

Neglecting again for a very short moment the S and ψ labels, the branes are mapped

under parity as follows:

PB
0;ε1...ε5 : BL,M 7−→ ε1 · · · ε5BL,−M ,

PB
1;ε1...ε5 : BL,M 7−→ ε1 · · · ε5BL,2−M .

For branes carrying a ψ label, this ψ label is transformed according to

ψ 7−→ (−1)|S|/2 ψ. (6.37)

If the sign ε1 · · · ε5 is negative, this means that the branes are mapped to antibranes. This

minus signs can be absorbed according to the rule

−BL,M,S = BL,M,S+2, − BL,M = BL,M+H , − B̂ψ
L,M = B̂−ψ

L,M+H . (6.38)
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Restricting ourselves to the supersymmetry-preserving branes, we find that the branes with

|S| = odd are all parity invariant. As for the branes with |S| = even, those with |S| = 0 or

4 are invariant under parities with ε1 · · · ε5 = 1 and not under parities with ε1 · · · ε5 = −1.

The branes with |S| = 2 behave in an opposite way.

The gauge group on parity invariant branes is either O or Sp according to the

sign (6.20) or (6.21). Other branes support the unitary gauge groups. A complete list

of supersymmetry-preserving branes together with the gauge groups is given in tables 9, 10

in subsection 6.6.

We have presented the list of D-branes preserving the same supersymmetry as any

given orientifold, and they formed 15 or 8 groups according to the RR-charge. The number

of groups depends on the dressings with quantum symmetries. Each group contains branes

having different signature σ and therefore supporting different gauge groups, and it is

necessary for counting the supersymmetric vacua to know the numbers mσ
i of branes with

definite signature in a given group. They are defined to satisfy

mi = m+
i + 2m0

i + m−
i , (6.39)

where mi is the total multiplicity of branes in the i-th group. For later convenience we

give a table of these numbers below.

# P0;+++++ P0;+−+++ P0;++−++ P0;+−−++ P0;++−−+ P0;+−−−+ P0;++−−− P0;+−−−−

1,2,7,8 (1,0,0) (0,1,0) (0,1,0) (0,0,1) (0,0,1) (0,1,0) (0,1,0) (1,0,0)

3,4 (1,0,0) (0,1,0) (0,1,0) (1,0,0) (0,0,1) (0,1,0) (0,1,0) (0,0,1)

5,6 (2,0,0) (0,2,0) (0,2,0) (0,0,2) (0,0,2) (0,2,0) (0,2,0) (2,0,0)

9,14 (3,0,1) (0,0,4) (2,0,2) (1,0,3) (3,0,1) (2,0,2) (0,0,4) (1,0,3)

10,15 (0,6,0) (0,0,6) (4,0,2) (0,6,0) (0,6,0) (2,0,4) (6,0,0) (0,6,0)

11 (5,0,11) (15,0,1) (7,0,9) (11,0,5) (7,0,9) (9,0,7) (9,0,7) (9,0,7)

12 (6,20,12) (20,10,8) (12,10,16) (10,20,8) (12,20,6) (16,10,12) (8,10,20) (8,20,10)

13 (0,12,0) (0,0,12) (8,0,4) (0,12,0) (0,12,0) (4,0,8) (12,0,0) (0,12,0)

# P1;+++++ P1;+−+++ P1;++−++ P1;+−−++ P1;++−−+ P1;+−−−+ P1;++−−− P1;+−−−−

1,2,3,4 (2,0,0) (0,2,0) (0,2,0) (1,0,1) (0,0,2) (0,2,0) (0,2,0) (1,0,1)

5,7 (8,0,8) (8,0,8) (8,0,8) (8,0,8) (8,0,8) (8,0,8) (8,0,8) (8,0,8)

6,8 (0,24,4) (12,4,12) (12,4,12) (2,24,2) (4,24,0) (12,4,12) (12,4,12) (2,24,2)

Table 8: Multiplicities (m+
i , 2m0

i , m
−

i ) of branes with different gauge groups.

6.5.4 Counting the solutions

Let us now count the number of supersymmetric vacua in various orientifolds of two pa-

rameter model. As compared to the case with quintic, there arise a new complication due

to the presence of Sp or U -type branes. We explain the detail of the counting in the cases

PB
0,+++++ and PB

0,+−+++, and state the results for other cases briefly.

Parity PB
0;+++++

Using (6.36) and the expression in the table 6, this O-plane is shown to have the RR-charge

[OP ] = (2, 6, 16, 26, 30, 26, 16, 6)t ' − (28, 20, 14, 0, 0, 0, 14, 20)t . (6.40)
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Under the choice ω̃
1
2 = −1, it preserves a spacetime supersymmetry corresponding to

MO = 0. We denote by ni, i = 1, 2, . . . , 15 the number of times a given charge appears

in a tadpole canceling configuration. Computing the charges, projecting onto 6 indepen-

dent ones and equating brane and O-plane charges leads to the following three linearly

independent equations on the ni’s.




1 1 2 2 1 1 3 3 0 1 2 2 1 4 3

0 0 1 1 1 1 2 2 1 0 2 1 1 3 2

0 1 0 2 0 1 1 2 0 1
2 1 1 1

2 2 3
2







n1

n2
...

n15




=




28

20

14


 (6.41)

Note that again, there is a finite number of solutions to these equations, and we can count

the total number of tadpole canceling D-brane configurations.

The counting goes in the following way. Suppose that the numbers {ni} (i = 1, · · · , 15
or 8) give a solution to (6.41). For each solution, we have to distribute the charge over

the various branes with fixed charge, taking into account their signature σ. The first 8

charges are carried only by O-type branes, but the other 7 are carried by branes with

various signatures. We note that even though the charges i > 8 are invariant under the

parity, the branes themselves need not be because of the action on the ψ-label. Consider

all the possible decompositions of each ni (i = 9, · · · , 15) into

ni = n+
i + n0

i + n−
i (6.42)

with the condition that n0
i and n−

i be even. The combinatorial factor associated to a

solution {ni} is given by the sum over all the possible decompositions

#(ni) = (n5 + 1)(n6 + 1)

15∏

i=9

∑

ni=Σσnσ
i

(
n−

i
2 + m−

i − 1
n−

i
2

)(
n0

i
2 + m0

i − 1
n0

i
2

)(
n+

i + m+
i − 1

n+
i

)
.

(6.43)

The number of vacua is therefore the sum of this over all the solutions {ni}. The total

number turns out to be 13213511375147 ≈ 1013.

Parity PB
0;+−+++

Under the choice ω̃
1
2 = −i, this O-plane preserves a spacetime supersymmetry correspond-

ing to MO = 4. Its RR-charge is

[OP ] = (0,−4,−6,−4, 0, 4, 6, 4)t ' − (6, 8, 12, 8, 6, 0, 0, 0)t . (6.44)

One can easily see that the first 8 branes on the list are mapped onto each other under this

parity, and give rise to a unitary gauge group. We have to require ni = ni+1 for i = 1, 3, 5, 7.

Equating crosscap and brane charge then leads to the two independent conditions

(
2 4 2 6 0 1 2 2 1 4 3

0 2 2 4 1 0 2 1 1 3 2

)



n1

n3
...

n15




=

(
12

8

)
. (6.45)
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The number of vacua is given by the sum of the combinatoric factors

#(ni) = (n5 + 1)

15∏

i=9

∑
(

n−
i
2 + m−

i − 1
n−

i
2

) (
n0

i
2 + m0

i − 1
n0

i
2

)(
n+

i + m+
i − 1

n+
i

)
, (6.46)

over all the solutions of (6.45). The total number is 47803952.

Other parities (with even quantum symmetry dressings)

One can analyze the cases with other parities in a similar way. Let us denote by |ε| the

number of minus signs in εi. Choosing ω̃
1
2 = −i|ε| for the parity PB

0;ε1ε2ε3ε4ε5 , the O-plane

preserves a spacetime supersymmetry corresponding to MO = 4|ε|. The O-planes have the

RR-charges

[OP B
0;+++++

] ' −(28, 20, 14, 0, 0, 0, 14, 20)t ,

[OP B
0;+−+++

] = [OP B
0;++−++

] ' −(6, 8, 12, 8, 6, 0, 0, 0)t ,

[OP B
0;+−−++

] = [OP B
0;++−−+

] ' −(0, 0, 2, 4, 4, 4, 2, 0)t ,

[OP B
0;+−−−+

] = [OP B
0;++−−−

] ' −(2, 0, 0, 0, 2, 0, 4, 0)t ,

[OP B
0;+−−−−

] ' −(−4, 4,−2, 0, 0, 0,−2, 4)t . (6.47)

So the tadpole cancellation conditions for other O-planes are given by the replacements

(28, 20, 14) → (x, y, z) in (6.41), where x, y and z are the (2|ε| + 1)-st, (2|ε| + 2)-nd and

(2|ε| + 3)-rd components of the above vectors. When |ε| is odd, the branes in the groups

i = 1, · · · , 8 are all U-type and the parity maps the charges 1 ↔ 2, 3 ↔ 4 and so on. So we

have to put ni = ni+1 for i = 1, 3, 5, 7 in these cases, and there remain only two linearly

independent equations for n1, n3, · · · , n15.

The total number of vacua is given by the sum of combinatoric factors #(ni), defined

in a similar way as (6.43) or (6.46), over all the solutions {ni} of tadpole cancellation

condition. The result is summarized below.

B0;+++++ B0;+−+++ B0;++−++ B0;+−−++ B0;++−−+ B0;+−−−+ B0;++−−− B0;+−−−−

13213511375147 47803952 434841441 1051 2162 35 148 0

Other parities (with odd quantum symmetry dressings)

For parities PB
1;ε1ε2ε3ε4ε5 with odd quantum symmetry dressings, we choose ω̃

1
2 = −i|ε| and

consider the systems of an O-plane and D-branes with MO = 1 + 4|ε|. In solving the

tadpole cancellation condition, note first that for the parities PB
+−∗∗∗ the O-planes have

no RR-charge so that the O-planes by themselves give the unique consistent superstring

backgrounds. For other parities, the O-planes have the RR-charges

[OP B
1;+++++

] ' −(28, 28, 20, 8, 0, 0, 8, 20)t ,

[OP B
1;++−++

] ' −(4, 8, 12, 12, 8, 4, 0, 0)t ,

[OP B
1;++−−+

] ' −(0, 0, 0, 4, 4, 4, 4, 0)t ,

[OP B
1;++−−−

] ' −(0, 4, 0, 0, 4, 0, 4, 4)t . (6.48)
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Tadpole cancellation condition is then given by three linearly independent equations

on 8 numbers. For the parity PB
1;+++++ it becomes




1 1 2 2 1 1 3 2

0 1 1 2 1 1
2 2 3

2

0 1 0 1 0 1
2 1 1

2







n1

n2
...

n8




=




28

20

8


 , (6.49)

and for other parities we only have to replace the numbers (28, 20, 8) on the right hand

side with (2|ε| + 2, 2|ε| + 3, 2|ε| + 4)-th components of the vectors (6.48). When |ε| is odd,

the branes in the group 1 and 2, 3 and 4 are mapped to each other. So we have to put

n1 = n2, n3 = n4 for such cases, and the number of independent equations on n1,3,5,6,7,8

turns out to be reduced by one.

The total number of vacua is then calculated as a sum of a certain combinatoric factor

over all the solutions ni of the above equations. The results are summarized below.

B1;+++++ B1;++−++ B1;++−−+ B1;++−−− B1;+−∗∗∗

28956442028638 1093287843 654 0 1

6.5.5 Distribution of gauge group rank

Let us see the distribution of the rank of gauge group over the supersymmetric vacua. For

the brane configuration with gauge group G =
∏

O(Nj+) × ∏
U(Nj0) × ∏

Sp(Nj−), the

rank is counted as ∑

j+

[
Nj+

2

]
+

∑

j0

Nj0 +
∑

j−

Nj− .

The results are summarized in the table below.

As the table shows, in the type I cases the rank of the gauge group is peaked around

9, differently from the quintic case. Also, the number of vacua with low ranks are more

strongly suppressed because of the presence of U or Sp type branes. For other orientifolds

the maximum allowed rank is reduced, and the distributions are peaked at lower values of

rank.

6.6 Particle spectrum in some supersymmetric models

A closer look at the annulus and the Möbius strip amplitudes gives us a more detailed

information on the spectrum of open strings. Let us now turn to count the number of

matter fields between the same branes. There are many branes and each has quite a

few scalar fields, so the best way to count them is again to use computers. As in the

analysis of A-branes, the massless chiral fields in the spacetime theory are in one to one

correspondence with the chiral primary states in the internal theory. Let us summarize the

necessary materials.

• The open string NS state ⊗i(li, ni, si) between the branes BB
L,M and BB

L′,M ′ obey∑
i niwi = M ′−M (mod 2H), as well as the usual selection rule li +ni ∈ 2Z and the

SU(2) fusion rule constraint. The states between short-orbit branes with the same S

and additional labels ψ,ψ′ = ±1 are subject to a projection
∏

i∈S(−1)
1
2
(li+ni) = ψψ′.
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rank
P0;+++++ P0;+−+++ P0;++−++ P0;+−−++ P0;++−−+ P0;+−−−+ P0;++−−−

13213511375147 47803952 434841441 1051 2162 35 148

0 646540 508725 4926687 166 480 0 15

1 44771470 2554170 29783246 330 721 7 105

2 1031791551 7173709 76613078 397 719 28 28

3 11643923756 11188898 113881856 88 172

4 75080785790 11195422 102828964 70 70

5 302754231919 8532104 66661000

6 816375589073 4126724 28541380

7 1555478380691 1860600 9347940

8 2202010164391 501900 1980090

9 2424675084374 129360 244860

10 2159636846181 32340 32340

11 1607633137394

12 1023393658328

13 567624907070

14 277143210040

15 120183191993

16 46373508969

17 15919273033

18 4851273490

19 1288731061

20 300818948

21 56875115

22 9505650

23 961928

24 106392

• The open string states on parity-invariant D-branes have definite eigenvalues of parity.

The Möbius strip amplitude between BL,M and its image under PB
Mω ;εi

contains NS

states ⊗i(li, 2νi, si) satisfying
∑

i νiwi = Mω − M (mod H), as well as the SU(2)

fusion constraint on li. The contribution of massless states to Möbius strip amplitude

is given by the sum of chiral primary states satisfying these condition, with the phase

i−1+|ε|+{#of(si=2)} ∏

i

εLi+νi
i .

We present here the relevant amplitudes from which the result follows. The annulus

amplitudes between two long-orbit B-branes BB
L,M and BB

L′,M ′ has the following NS part:

〈BB
L,M |qH |BB

L′,M ′〉|NS

=
1

2

∑

ni

δ
(2H)P

i wini+M−M ′

∑

li

r∏

i=1

N li
LiL′

i
×

{
χ(st)NS+

r∏

i=1

χNS+
li,ni

− χ(st)NS−
r∏

i=1

χNS−
li,ni

}
(6.50)

Here χ(st)NS± and χNS±
l,n = χl,n,0 ± χl,n,2 are the same as those used in the discussion of

A-branes. The delta symbol represents that the sum over ni is taken over the Γ̃-orbit but

is shifted by M and M ′. For two short-orbit branes B̂B
L,M and B̂B

L′,M ′ the above amplitude

has to be divided by 2[|S|/2]2[|S′|/2], where S and S′ are the sets of i’s such that Li or L′
i
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rank
P1;+++++ P1;++−++ P1;++−−+

28956442028638 1093287843 654

0 131418 10073409 70

1 12060448 98476432 448

2 355100152 281607952 136

3 5191991568 398177360

4 44410530386 248315690

5 245511738472 52357760

6 928376315288 4279240

7 2485035106608

8 4801648669394

9 6693313716784

10 6689330341632

11 4555609978656

12 2009612464368

13 457636777344

14 40397106120

coincide with ki
2 . When S = S′ and |S| = 2 or 4, the twisted parts of boundary states yield

± 1

21+|S|

∑

ni

δ
(2H)P

i wini+M−M ′

∑

li

r∏

i=1

N li
LiL′

i
×

∏

i∈S

(−1)
1
2
(li+ni)

×
{

χ(st)NS+
r∏

i=1

χNS+
li,ni

− χ(st)NS−
r∏

i=1

χNS−
li,ni

}
, (6.51)

so the states with
∏

i∈S(−1)
1
2
(li+ni) = 1 (−1) propagates between the branes with the same

(opposite) signs. All these maintain the integrality of the open string spectrum, and ensure

that every single B-brane supports a U(1) gauge symmetry in the absence of orientifolds.

For parity-invariant branes, we have to find the action of parity on the matter fields on

their worldvolume. The NS part of Möbius strip amplitude between a long-orbit B-brane

BB
L,M and its image under the parity PB

ω,m reads (recall ω = e
2πiMω

H and ω̃i = e
− 2πimi

ki+2 = ±1)

〈BB
L,M |qH |CB

ω,m〉|
NS

= Re



i e

πi(r−d)
4 ω̃L− 1

2

∑

eνi∈Zki+2

δ
(1)
P

i
eνi

ki+2
, Mω−M

H

∑

li

ω̃eνχ̂(st)NS+
r∏

i=1

N li
LiLi

χ̂NS+
li,2eνi



 (6.52)

where the characters χ̂(st)NS±, χ̂NS±
l,n are the same as those appeared in the discussion of

A-branes. The expressions are the same for short-orbit branes except for obvious change

of normalizations. The states contributing to the above Möbius strip amplitude with +(−)

signs are the eigenstates of the parity with eigenvalues PB
ω;m = +1(−1). We also see that,

in the ql-expansion of this amplitude, the terms of order q0
l corresponding to gauge fields

appear with the sign −εω;m
L,M .
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6.6.1 Quintic

For the quintic, there exists only a single parity of interest. We are considering supersym-

metry preserving branes, which in the case of the quintic are invariant under the parity.

The following table lists the number of massless scalars on these branes and their transfor-

mation properties under parity: (n1, n2) denotes the number of (symmetric, antisymmetric)

massless scalars.

(Li) (n1, n2)

(00000) (0, 0)

(10000) (4, 0)

(11000) (8, 3)

(11100) (15, 9)

(11110) (28, 22)

(11111) (51, 50)

It is now straightforward to find the matter content of supersymmetric tadpole canceling

configurations. Two such solutions have been given in [35], the standard solution with

4 branes of type (11111) and the one with 12 branes of type (00000) and 20 of type

(10000), which is the configuration with the highest possible rank in this example. Just

for the purposes of illustration, we give a third configuration, which is chosen completely

randomly. We consider a setup consisting of 4 branes of type (11000) and 8 of (00111).

The matter content under the gauge group O(4) × O(8) is

8(10,1) ⊕ 3(6,1) ⊕ 15(1,36) ⊕ 9(1,28) ⊕ 101(4,8). (6.53)

The part of the spectrum involving only one type of brane can be directly read off from the

above table. For those strings that connect one type of brane to another, note that there is

always a linear combination of any open string operator and its parity image that survives

the projection. As a consequence,this part of the spectrum can be determined using the

results on the open string spectrum without orientifolds.

6.6.2 Two parameter model

The tables 9 and 10 list the gauge groups G and the number of matters on the D-branes

for various choices of orientifolds of the two parameter model. For G = O or Sp, the two

numbers in G(n1,n2) mean there are massless scalars in n1 symmetric and n2 antisymmetric

tensor representations of G. For G = U the three numbers in U(n1,n2,n3) mean there are n1

adjoint, n2 symmetric tensor and n3 antisymmetric tensor representations.
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(Li) P0;+++++ P0;++−++ P0;++++− P0;++−−+ P0;+++−− P0;++−−−

(00000) O(0,0) U(0,2,1) U(0,2,1) Sp(0,0) Sp(0,0) U(0,3,0)

(00100) O(2,1) O(1,2) Sp(2,1) O(2,1) Sp(3,0) Sp(0,3)

(00110) U(2,1,0) O(1,1) Sp(2,0) U(2,0,1) U(2,0,1) O(2,0)

(00111) Sp(3,0) O(1,2) O(1,2) O(2,1) O(2,1) Sp(0,3)

(11000) O(5,0) U(5,4,6) U(5,4,6) Sp(2,3) Sp(2,3) U(5,4,6)

(11100) O(9,6) O(11,4) Sp(6,9) O(7,8) Sp(6,9) Sp(8,7)

(11110) U(9,3,3) O(6,3) Sp(3,6) U(9,5,1) U(9,3,3) O(4,5)

(11111) Sp(6,9) O(9,6) O(9,6) O(9,6) O(9,6) Sp(10,5)

(20000) O(4,0) U(4,3,4) U(4,3,4) Sp(2,2) Sp(2,2) U(4,4,3)

(20100) O(7,4) O(8,3) Sp(5,6) O(5,6) Sp(6,5) Sp(5,6)

(20110) U(6,3,2) O(4,2) Sp(3,3) U(6,4,1) U(6,2,3) O(3,3)

(20111) Sp(6,5) O(6,5) O(6,5) O(7,4) O(7,4) Sp(7,4)

(22000) O(13,3) U(16,7,12) U(16,7,12) Sp(7,9) Sp(7,9) U(16,6,13)

(22100) O(20,15) O(25,10) Sp(14,21) O(16,19) Sp(13,22) Sp(20,15)

(22110) U(18,8,9) O(12,6) Sp(5,13) U(18,13,4) U(18,9,8) O(7,11)

(22111) Sp(13,22) O(21,14) O(21,14) O(20,15) O(20,15) Sp(24,11)

(31000) O(9,6) Sp(6,9) Sp(6,9) Sp(6,9) Sp(6,9) O(5,10)

(31100) U(9,3,3) O(6,3) Sp(3,6) U(9,3,3) U(9,1,5) Sp(5,4)

(31110) Sp(6,9) O(9,6) Sp(4,11) O(9,6) Sp(8,7) O(7,8)

(31111) Sp(0,5) U(5,6,4) U(5,6,4) O(3,2) O(3,2) U(5,6,4)

(33000) U(9,3,3) Sp(3,6) Sp(3,6) U(9,1,5) U(9,1,5) O(0,9)

(33100) Sp(6,9) O(9,6) Sp(4,11) Sp(8,7) O(1,14) Sp(10,5)

(33110) Sp(0,5) U(5,6,4) U(5,0,10) O(3,2) Sp(4,1) U(5,4,6)

(33111) Sp(0,15) Sp(10,5) Sp(10,5) O(7,8) O(7,8) O(9,6)

(Li) P1;+++++ P1;++−++ P1;++++− P1;++−−+ P1;+++−− P1;++−−−

(10000) O(1,0) U(1,3,3) U(1,3,3) Sp(0,1) Sp(0,1) U(1,3,3)

(10100) O(4,3) O(4,3) Sp(3,4) O(4,3) Sp(3,4) Sp(3,4)

(10110) U(5,1,1) O(3,2) Sp(2,3) U(5,1,1) U(5,1,1) O(3,2)

(10111) Sp(3,4) O(4,3) O(4,3) O(4,3) O(4,3) Sp(3,4)

(21000) O(9,0) U(9,5,9) U(9,5,9) Sp(4,5) Sp(4,5) U(9,5,9)

(21100) O(14,9) O(18,5) Sp(9,14) O(10,13) Sp(9,14) Sp(13,10)

(21110) U(13,5,5) O(9,4) Sp(4,9) U(13,9,1) U(13,5,5) O(5,8)

(21111) Sp(9,14) O(14,9) O(14,9) O(14,9) O(14,9) Sp(17,6)

(30000) O(4,3) Sp(3,4) Sp(3,4) Sp(3,4) Sp(3,4) O(4,3)

(30100) U(5,1,1) O(3,2) Sp(2,3) U(5,1,1) U(5,1,1) Sp(2,3)

(30110) Sp(3,4) O(4,3) Sp(3,4) O(4,3) Sp(3,4) O(4,3)

(30111) Sp(0,1) U(1,3,3) U(1,3,3) O(1,0) O(1,0) U(1,3,3)

(32000) O(14,9) Sp(9,14) Sp(9,14) Sp(9,14) Sp(9,14) O(6,17)

(32100) U(13,5,5) O(9,4) Sp(4,9) U(13,5,5) U(13,1,9) Sp(8,5)

(32110) Sp(9,14) O(14,9) Sp(5,18) O(14,9) Sp(13,10) O(10,13)

(32111) Sp(0,9) U(9,9,5) U(9,9,5) O(5,4) O(5,4) U(9,9,5)

Table 9: Gauge group and number of massless scalar fields
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(Li) P1;+−+++ P1;+−−++ P1;+−++− P1;+−−−+ P1;+−+−− P1;+−−−−

(10000) U(1,0,6) Sp(1,0) Sp(1,0) U(1,2,4) U(1,2,4) O(0,1)

(10100) Sp(1,6) O(0,7) Sp(3,4) Sp(5,2) O(2,5) Sp(3,4)

(10110) Sp(1,4) U(5,0,2) U(5,0,2) O(0,5) Sp(3,2) U(5,2,0)

(10111) Sp(1,6) Sp(3,4) Sp(3,4) O(2,5) O(2,5) O(0,7)

(21000) U(9,10,4) O(4,5) O(4,5) U(9,8,6) U(9,8,6) Sp(5,4)

(21100) O(14,9) Sp(15,8) O(12,11) O(10,13) Sp(13,10) O(12,11)

(21110) O(8,5) U(13,6,4) U(13,6,4) Sp(9,4) O(6,7) U(13,4,6)

(21111) O(14,9) O(12,11) O(12,11) Sp(13,10) Sp(13,10) Sp(15,8)

(30000) Sp(1,6) Sp(3,4) Sp(3,4) O(2,5) O(2,5) O(0,7)

(30100) Sp(1,4) U(5,0,2) U(5,0,2) Sp(3,2) O(0,5) U(5,2,0)

(30110) Sp(1,6) Sp(3,4) O(0,7) O(2,5) Sp(5,2) Sp(3,4)

(30111) U(1,0,6) Sp(1,0) Sp(1,0) U(1,2,4) U(1,2,4) O(0,1)

(32000) Sp(9,14) Sp(11,12) Sp(11,12) O(10,13) O(10,13) O(8,15)

(32100) Sp(5,8) U(13,4,6) U(13,4,6) Sp(7,6) O(4,9) U(13,6,4)

(32110) Sp(9,14) Sp(11,12) O(8,15) O(10,13) Sp(13,10) Sp(11,12)

(32111) U(9,4,10) Sp(5,4) Sp(5,4) U(9,6,8) U(9,6,8) O(4,5)

Table 10: Gauge group and number of massless scalar fields (continued)

(Li) P0;+−+++ P0;+−−++ P0;+−++− P0;+−−−+ P0;+−+−− P0;+−−−−

(00000) U(0,0,3) Sp(0,0) Sp(0,0) U(0,1,2) U(0,1,2) O(0,0)

(00100) Sp(0,3) O(0,3) Sp(1,2) Sp(2,1) O(1,2) Sp(1,2)

(00110) Sp(0,2) U(2,0,1) U(2,0,1) O(0,2) Sp(1,1) U(2,1,0)

(00111) Sp(0,3) Sp(1,2) Sp(1,2) O(1,2) O(1,2) O(0,3)

(11000) U(5,10,0) O(1,4) O(1,4) U(5,6,4) U(5,6,4) Sp(2,3)

(11100) O(11,4) Sp(14,1) O(7,8) O(5,10) Sp(8,7) O(9,6)

(11110) O(6,3) U(9,5,1) U(9,3,3) Sp(9,0) O(4,5) U(9,1,5)

(11111) O(9,6) O(9,6) O(9,6) Sp(10,5) Sp(10,5) Sp(14,1)

(20000) U(4,1,6) Sp(2,2) Sp(2,2) U(4,2,5) U(4,2,5) O(0,4)

(20100) Sp(3,8) O(3,8) Sp(4,7) Sp(7,4) O(2,9) Sp(6,5)

(20110) Sp(1,5) U(6,2,3) U(6,0,5) O(1,5) Sp(4,2) U(6,3,2)

(20111) Sp(1,10) Sp(6,5) Sp(6,5) O(4,7) O(4,7) O(3,8)

(22000) U(16,9,10) Sp(7,9) Sp(7,9) U(16,8,11) U(16,8,11) O(5,11)

(22100) Sp(16,19) O(18,17) Sp(15,20) Sp(18,17) O(13,22) Sp(19,16)

(22110) Sp(7,11) U(18,9,8) U(18,5,12) O(9,9) Sp(10,8) U(18,8,9)

(22111) Sp(12,23) Sp(19,16) Sp(19,16) O(17,18) O(17,18) O(18,17)

(31000) O(11,4) O(7,8) O(7,8) Sp(8,7) Sp(8,7) Sp(8,7)

(31100) O(6,3) U(9,5,1) U(9,3,3) O(4,5) Sp(5,4) U(9,3,3)

(31110) O(9,6) O(9,6) Sp(8,7) Sp(10,5) O(7,8) O(7,8)

(31111) U(5,6,4) O(3,2) O(3,2) U(5,6,4) U(5,6,4) Sp(4,1)

(33000) O(6,3) U(9,3,3) U(9,3,3) Sp(5,4) Sp(5,4) U(9,5,1)

(33100) O(9,6) O(9,6) Sp(8,7) O(7,8) Sp(10,5) Sp(6,9)

(33110) U(5,6,4) O(3,2) Sp(4,1) U(5,6,4) U(5,4,6) O(3,2)

(33111) Sp(10,5) O(7,8) O(7,8) O(9,6) O(9,6) Sp(8,7)

Note that the symmetric and antisymmetric tensors of U(n) are complex representa-

tions, and are supported on strings between a U -type brane and its parity image. The

analysis of the spectrum also shows that all the U -type branes in the tables support equal

number of (anti)symmetric tensors and their conjugates, namely, all of them support non-
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chiral matters. We will extend this observation later and show the non-chirality of the

spectrum for general supersymmetric brane configurations in any type IIB orientifolds of

Gepner model.

6.6.3 Spectrum in sample examples

It is straightforward to determine the matter contents in sample tadpole canceling config-

urations. Let us consider a few examples as an exercise.

As the first example, let us take the parity PB
0;+++++ and take six branes from the

group #14 and two from #12 to cancel the tadpole. There are still many ways to do so. For

example, there are the following two inequivalent configurations supporting O(6) × O(2)

gauge group:

6(22100) + 2(20100) : 20(21,1) ⊕ 15(15,1) ⊕ 7(1,3) ⊕ 4(1,1) ⊕ 12(6,2),

6(22100) + 2(20010) : 20(21,1) ⊕ 15(15,1) ⊕ 7(1,3) ⊕ 4(1,1) ⊕ 6(6,2). (6.54)

Here 2 and 3 of O(2) mean the reducible representations [1] ⊕ [−1] and [2] ⊕ [0] ⊕ [−2] of

U(1). The configurations supporting O(6) × U(1) are

6(22100) + (11110)+ + (11110)− : 20(21) ⊕ 15(15) ⊕ 9(1) ⊕ 3(1)±± ⊕ 8(6)±

6(22100) + (11011)+ + (11011)− : 20(21) ⊕ 15(15) ⊕ 9(1) ⊕ 3(1)±± ⊕ 2(6)±

6(22100) + (31100)+ + (31100)− : 20(21) ⊕ 15(15) ⊕ 9(1) ⊕ 3(1)±± ⊕ 12(6)±

6(22100) + (31010)+ + (31010)− : 20(21) ⊕ 15(15) ⊕ 9(1) ⊕ 3(1)±± ⊕ 6(6)±

6(22100) + (33000)+ + (33000)− : 20(21) ⊕ 15(15) ⊕ 9(1) ⊕ 3(1)±± ⊕ 10(6)± (6.55)

Here the ± signs represent U(1) charge. 18(1) are neutral scalars corresponding to open

strings with both ends on the same short-orbit brane, while (1)±± correspond to strings

stretching between a short-orbit brane and its parity image. There are six configurations

supporting O(6) × Sp(1):

6(22100) + 2(20111) : 20(21,1) ⊕ 15(15,1) ⊕ 6(1,3) ⊕ 5(1,1) ⊕ 6(6,2)

6(22100) + 2(31111) : 20(21,1) ⊕ 15(15,1) ⊕ 5(1,1) ⊕ 6(6,2)

6(22100) + 2(33110)± : 20(21,1) ⊕ 15(15,1) ⊕ 5(1,1) ⊕ 10(6,2)

6(22100) + 2(33011)± : 20(21,1) ⊕ 15(15,1) ⊕ 5(1,1) ⊕ 4(6,2) (6.56)

There are indeed a lot more tadpole-canceling configurations with various choices of ori-

entifold and D-branes, and the spectrum of massless states can be obtained in the same

way.

6.7 Chirality — vanishing theorem

As was explained before, chirality of the theory is measured by the Witten index. Given

a tadpole-free set of an O-plane and D-branes, the theory is chiral if there is a pair of

D-branes with nonzero open string Witten index, or any D-brane and its parity image with

nonzero twisted Witten index.
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The index between two long-orbit B-branes in Gepner model can be easily computed

as the diagonal elements5 of the following polynomial of the H-dimensional shift matrix g,

QL,M(g)QL′,M ′(g−1)
r∏

i=1

(1 − gwi), (6.57)

where QL,M (g) is the polynomial defined in (6.24). The parity twisted Witten index

is given by replacing one of the two polynomials with the one representing the O-plane

charge, which are given in (6.47) and (6.48).

Using the index formula (6.57), one can show that any tadpole-free configurations of an

O-plane and long-orbit D-branes are non-chiral. To do this, notice first that the polynomial

QL,M (g) is symmetric under gi → gM−i. Similarly, the polynomials representing the O-

plane charges are symmetric under gi → gMO−i, where MO = Mω + 4|ε| characterize

the spacetime supersymmetry preserved by the O-planes. On the other hand, under the

assumption
∑

i wi = H the last factor in (6.57) is transformed to (−1)r times itself under

g → g−1. Using all these one finds that, in standard four-dimensional models with r = 5,

the polynomial (6.57) has no g0 term for any susy-preserving pairs of long-orbit D-branes

and the O-plane. Thus the index vanishes for all such pairs.

There is still a possibility of having chiral models with B-type orientifolds of Gepner

models. The point is that, in some Gepner models with even H, there are RR-charges

carried by some short-orbit B-branes and none of long-orbit B-branes. In general, the

number of RR-charges in type IIB orientifolds is 2h1,1 + 2, and the number of RR-charges

carried by B-branes is fewer than this:

2h1,1 + 2 ≥ #(charges carried by all the short- and long-orbit B-branes)

≥ #(charges carried by Li = 0 B-branes). (6.58)

The first inequality shows that there can be RR-charges carried by none of rational B-

type boundary states constructed in this paper. It is expected that such RR-charges are

associated with non-toric blowups, as there are non-polynomial deformations in the IIA

case. In the k = (66222) model both of the above equalities hold, so there is no chiral

brane configurations.

As an example where neither of the two equalities hold, let us consider the k = (22444)

model which is known to have h1,1 = 6. Let us first work out the 14 = 2h1,1 +2 RR ground

states. First, take the RR ground states |0〉ν (ν = 1, · · · , k + 1) in the level k minimal

model

|0〉ν = |ν − 1, ν, 1〉 × |ν − 1, ν, 1〉, (6.59)

and construct the ground states of the form |0〉(νi) =
∏

i |0〉νi , with νi = ν (mod ki + 2) for

all i. There are only eight such states:

|0〉(11111), |0〉(22222) , |0〉(33333), |0〉(33111) ,
|0〉(11555) , |0〉(11333), |0〉(22444) , |0〉(33555). (6.60)

5All the diagonal elements take the same value because g is a H-dimensional shift matrix.
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Other states are obtained by looking for mixed products of |0〉ν and |l〉
RR

, where

|l〉
RR

= |l, l + 1, 1〉 × |l,−l − 1,−1〉. (6.61)

One finds six additional states of the form |l1, l2〉RR
× |0〉(ν3ν4ν5):

|2, 0〉RR |0〉(222), |1, 1〉RR |0〉(222), |0, 2〉RR |0〉(222),
|2, 0〉

RR
|0〉(444), |1, 1〉

RR
|0〉(444), |0, 2〉

RR
|0〉(444). (6.62)

(Note that the state |1, 1〉
RR

|0〉(222) is different from |0〉(22222) , although they are labeled

by the same quantum numbers. Recall that in Gepner model certain closed string states

appear more than once in the toroidal partition function, and we should distinguish them

as they are sitting in different twisted sectors.) The Li = 0 B-branes can only couple to

the first eight states, and the short-orbit branes with L1 = L2 = 1 couple also to the the

two states with l1 = l2 = 1 in the second group. The remaining four RR ground states

have no overlaps with any B-branes.

Unfortunately, one can also show that the index vanishes for pairs of short-orbit branes

with these extra RR charges, using a similar index formula as before. Let us take two

short-orbit B-branes with the same S of even order. As was given in (3.51) and (3.52), the

boundary states are sums of two terms orthogonal to each other. So the index is also a

sum of two terms, one of which is 2−|S| times the expression for long-orbit branes (6.57)

and the other represents the new contribution

2−|S|Q̃L,M (g)Q̃L′,M ′(g−1)
∏

i /∈S

(1 − gwi)
∏

i∈S

(1 + gwi + · · · + gwi(ki+1)), (6.63)

where

Q̃L,M(g) = gM/2
∏

i /∈S




Li∑

ji=0

gwi(
Li
2
−ji)


 . (6.64)

Using the symmetry or antisymmetry of each factor under the inversion g → g−1 one finds

that no supersymmetry-preserving pair of short-orbit B-branes can have non-zero index.

Thus, we find

Theorem. The index of any pair of branes in a tadpole canceling and supersymmetric

rational brane configuration vanishes in Type IIB orientifolds of Gepner models. In par-

ticular, there is no chiral and supersymmetric theory in this class of solutions.

Remarks.

(i) This theorem applies only to the Gepner model obtained as the orbifold of the product

of minimal models by a single cyclic group ZH , and may not hold for orbifolds with

more than one cyclic group factors. For example, Type IIA models we considered

in section 4 is nothing but Type IIB models on orbifolds with four cyclic group

factors [24], and we indeed found chiral supersymmetric models there. Actually there

is an existence proof of chiral model if the orbifold group has two cyclic factors (next

to minimal): In appendix D, we analyze the condition for a Type IIB orientifold of

the model M5
3 /Z5×Z5 corresponding to the Z5-orbifold of the quintic. There we find

some chiral solutions.
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(ii) The theorem applies to more general models with r ≥ 5, as long as the orbifold group

is ZH . The essential point we have used is that r is odd. In our supersymmetric

formulation, we indeed need r to be odd as discussed in appendix A (if r = 6 or 8 in

the formulation as in [37] we need to add k = 0 factor(s) to make r odd).

7. Continuation to geometry

In this section, we compare the results at the Gepner point and what is expected at the

large volume regions. Namely we compare two different domains of the Kähler moduli

space. The story is very much different between Type IIA and Type IIB cases since the

role of the Kähler moduli are different.

In Type IIA orientifolds, Kähler class and B-field form complex moduli fields. The

large volume region, if consistent with orientifold, is always smoothly connected to the

Gepner point and the comparison makes sense. The Kähler moduli can enter into the tree

level superpotential. The comparison of the two regions may be useful to find out the set

of low energy fields and the global determination of the tree level superpotential.

In Type IIB orientifolds, Kähler moduli are real and are complexified by RR potentials.

In some cases the large volume regions are separated from the Gepner point, but in some

other cases they are smoothly connected. It is only in the latter case where the comparison

makes sense. The Kähler moduli do not enter into the tree level superpotential, though

they may enter into FI parameters as well as non-perturbative superpotential.

The main focus of this section will be on the Type IIB cases. One technical advantage

in these cases is that the large volume interpretation of the branes at the Gepner model has

been worked out in detail. Thus, sections 7.1 through 7.3 are about Type IIB orientifolds.

However, in the last subsection, we make some remarks on the Type IIA cases.

7.1 Consistency condition at large volume

Let us first present the tadpole cancellation condition in the large volume regime. We

consider a spacetime manifold X with an involution τ , and a D-brane supporting a complex

vector bundle E with an antilinear map that descends to τ . The tadpole cancellation

condition for the τ -orientifold of this system is

ch(E) e−B
√

Â(X) = 22 dimc Xτ−dimc Xε[Xτ ]

√
L(1

4TXτ )

L(1
4NXτ )

. (7.1)

This is found by comparing the formulae for the RR-overlaps with the boundary state Π̃E
i

and the crosscap state Π̃τΩ
i computed in the non-linear sigma models (see e.g. page 27

of [17]). Some remarks are in order:

• B is the B-field. In this section, we normalize it so that B is trivial for closed strings

if and only if B ∈ H2(X, Z).

• Xτ is the O-plane, the fixed point set of τ . Xτ may consist of several connected com-

ponents. In such a case the right hand side is regarded as the sum over components.
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• In the power of 2, dimc Xτ and dimc X include the R4 directions (counted as 2 complex

dimensions) as well as the internal dimensions. So, the power is 32 for O9-plane, 8

for O7, 2 for O5, and 1/2 for O3.

• [Xτ ] is the Poincaré dual of (the component of) the O-plane. “ε” stands for a sign

which is determined by the orientation of O-plane.

• Useful identities to be remembered (on a Calabi-Yau three-fold M) are

Â(M) = td(M) = 1 +
c2(M)

12
,

L

(
1

4
V

)
= 1 +

p1(V )

48
= 1 − c2(V ⊗ C)

48
, for a real vector bundle V

Let us apply this to Type I string theory compactified on a Calabi-Yau 3-fold M —

Type IIB orientifold of X = M × R4 associated with τ = idX. In this case, Xτ = X and

[Xτ ] = 1. Applying the useful formula we find
√

td(M) = 1 + 1
24c2(M) and

√
L(1

4TM) =

1 − 1
48c2(M). The condition is therefore

ch(E) e−B = 32 + 2ch2(M),

which is the rank and the anomaly cancellation condition in the standard form.

We will examine whether the condition (7.1) is satisfied for the D-brane configuration

at the Gepner model continued to the large volume, whenever the continuation is possible.

We work in two examples — the quintic case (5, 5, 5, 5, 5) and the two parameter model

(8, 8, 4, 4, 4).

7.2 Quintic

Let us first discuss the model (ki + 2) = (5, 5, 5, 5, 5) that continues to the sigma model

on the quintic hypersurface M of CP4. As we have seen in section 2.3.1, the moduli space

of the orientifold model is real, et ∈ R: The Gepner point et = 0 is separated from the

B = 0 large volume ( et ¿ −1) by the conifold point et = −55, but is connected to the

large volume region with B = H
2 ( et À 1), where H = c1(O(1))|M is the integral generator

of H2(M, Z). Thus, we expect the match of the condition only with the large volume with

B = H
2 .

Let us first write down the tadpole cancellation condition at the large volume. The

Chern character of M can be read from the exact sequence 0 → TM → TCP4 → NM/CP4 → 0

as ch(TM ) = ch(TCP4)|M − ch(NM/CP4). We know that NM/CP4 = O(5)|M since M is

quintic, and also that ch(TCP4) = ch(O(1)5)− ch(O) from the tautological sequence. Thus,

ch(TM ) = 5 eH − 1 − e5H = 3 − 10H2 − 20H3, and in particular ch2(M) = −10H2. Thus,

the tadpole cancellation condition in the large volume region is

ch(E) e−B = 32 − 20H2. (7.2)

Now we would like to compare this with the condition we obtained in section 6. In

order to make the comparison, we need to know the relation of the basis of the D-brane
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charges at the Gepner model and the basis at the large volume region. This has been

studied in [7], and the result is

BL,M = B(00000),2m+2n ←→ Vm (7.3)

for some n ∈ Z5 where

V0 = O, ch(V0) = 1,

V1 = T ∗
CP4(1), ch(V1) = −4 + H +

1

2
H2 +

1

6
H3,

V2 = ∧2T ∗
CP4(2), ch(V2) = 6 − 3H − 1

2
H2 +

1

2
H3,

V3 = ∧3T ∗
CP4(3), ch(V3) = −4 + 3H − 1

2
H2 − 1

2
H3,

V4 = ∧4T ∗
CP4(4), ch(V4) = 1 − H +

1

2
H2 − 1

6
H3.

We found in section 6 that the O-plane has the D-brane charge 4[B1,5] = 4(2[B0,0] +

5[B0,2] + 10[B0,4] + 10[B0,6] + 5[B0,8]) We try all the 5 possible identifications (7.3) to

compute the rank of the tadpole canceling brane:

Vm ↔ M = 2m =⇒ rank = 28,

Vm ↔ M = 2m + 2 =⇒ rank = 28,

Vm ↔ M = 2m + 4 =⇒ rank = −32,

Vm ↔ M = 2m + 6 =⇒ rank = −12,

Vm ↔ M = 2m + 8 =⇒ rank = −12,

Thus, we find that the identification Vm ↔ M = 2m + 4 may work. Indeed under this

identification the full charge of the tadpole canceling D-brane is

ch(E) = 4

(
−8 + 4H + 4H2 − 7

3
H3

)
,

and for the choice B = −H
2 , we find

ch(E) e−B = −32 + 20H2, (7.4)

which is nothing but the large volume condition.

7.3 The two parameter model

Let us now discuss the two parameter model that includes the Gepner model with (ki+2) =

(8, 8, 4, 4, 4). As we have seen in section 2.3.2, the Gepner point and the large volume regions

are separated in the Kähler moduli space of the orientifold models by the parities PB
0,ε1...ε5

.

Thus in this case, we do not expect that the tadpole cancellation condition at the Gepner

point matches with that in the large volume. On the other hand, for the orientifolds by

PB
1;ε1...ε5, the Gepner point is connected to the large volume regions in the moduli space.

In fact, there are two separate large volume regions — one with B = L
2 and another with

B = H
2 + L

2 . Thus, the condition at the Gepner point must match with the conditions at

both of the large volume region. We will check this in what follows.
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7.3.1 Topology of the manifold and O-planes

We first describe the topology of the Calabi-Yau manifold M itself. Let X be the toric

manifold associated to the U(1)2 gauge theory with six matter fields of the following charge

X1 X2 X3 X4 X5 X6

U(1)1 0 0 1 1 1 1

U(1)2 1 1 0 0 0 −2

Our Calabi-Yau manifold M is a hypersurface of X given by X4
6 (X8

1 +X8
2 )+X4

3 +X4
4 +X4

5 =

0. The cohomology ring of X is generated by the divisor class H = (X3 = 0) = (X4 =

0) = (X5 = 0) and L = (X1 = 0) = (X2 = 0) that obey the relations

L2 = H3(H − 2L) = 0,∫

X
H3L = 1.

Holomorphic tangent bundle of X fits into an exact sequence

0 → O⊕O → L1 ⊕ L2 ⊕ L3 ⊕ L4 ⊕ L5 ⊕ L6 → TX → 0

where Li is the line bundle with section Xi. Chern lass of X is therefore given by

c(X) = (1 + L)2(1 + H)3(1 + H − 2L).

The hypersurface M yields the divisor class [M ] = 4H and the normal bundle has

c1(NM/X) = 4H|M . We shall hereafter denote H|M , L|M simply by H,L. They obey

∫

M
H2L = 4,

∫

M
H3 = 8.

Chern class of M is given by c(M) = c(X)|M c(NM/X)−1 namely,

c1(M) = 0 (7.5)

c2(M) = 2HL + 6H2 (7.6)

c3(M) = −21H3 (7.7)

Now, we write down the tadpole cancellation condition (7.1) for the various involutions

we discussed in section 2.3.2.

(+ + + + +)

When τ : M → M is identity (the case for Type I string theory), the consistency condition

for the bundle E is

ch(E) e−B = 32 − 4HL − 12H2. (7.8)
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(+ + − + +) etc

The fixed point set of τ : (X1, . . . ,X6) 7→ (X1,X2,−X3,X4,X5,X6) is the divisor X3 = 0.

For this we have

[M τ ] = H,

NMτ /M = L3|Mτ , c(NMτ /M ) = 1 + H

c(TMτ ) = c(M)|Mτ c(NMτ /M )−1 = 1 − H + 7H2 + 2HL

p1(TM τ ) = −c2(TMτ ⊕ TMτ ) = −13H2 − 4HL,

p1(NM τ ) = −c2(NMτ ⊕ NMτ ) = H2

td(M)|Mτ = 1 +
1

6
HL +

1

2
H2

∣∣∣∣
Mτ

= 1 +
7

12
H2

L(
1

4
TM τ ) = 1 − 1

48
(13H2 + 4HL) = 1 − 15

48
H2,

L(
1

4
NM τ ) = 1 +

1

48
H2,

L(1
4TM τ )

L(1
4NM τ )

td(M)−1 = 1 − 11

12
H2.

Thus, consistency condition for this orientifold is

ch(E) e−B = ±
(

8H − 11

3
H3

)
. (7.9)

(+ + −− +) etc

For τ : (X1, . . . ,X6) 7→ (X1,X2,−X3,−X4,X5,X6), the fixed point sets are the curve

C = {X3 = X4 = 0} and four lines `a = {X5 = X6 = 0,X3 = e
πi
4

+ πia
2 X4} (a = 1, 2, 3, 4).

Their Poincaré duals are

[C] = [X3 = 0] ∪ [X4 = 0] = H2,
4∑

a=1

[`a] = [X5 = 0] ∪ [X6 = 0] = H(H − 2L).

Thus, if the four O-planes at `a are of the same type, the consistency condition is

ch(E) e−B = 2{±H2 ± H(H − 2L)}

=





±4(H2 − HL)

or

∓4HL

(7.10)

The first line of the r.h.s. is when C and `a contributes to the O-plane charge with ε[C] =

±[C] and
∑4

a=1 ε[`a] = ±∑4
a=1[`a], while the second line is when they contributes with

ε[C] = ∓[C] and
∑4

a=1 ε[`a] = ±∑4
a=1[`a].
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(+ + −−−)

For τ : (X1, . . . ,X6) 7→ (X1,X2,−X3,−X4,−X5,X6), the fixed point sets are the divisor

D = {X6 = 0} and eight points pa = {X3 = X4 = X5 = 0,X1 = eπi( 1
8
+ a

4
)X2} (a =

1, 2, . . . , 8). Their Poincaré duals are

[D] = [X6 = 0] = H − 2L,
8∑

a=1

[pa] = [X3 = X4 = X5 = 0] = H3.

We have

∫

D
H2 =

∫

M
(H − 2L)H2 = 0 (thus H2 = 0 on D),

∫

D
HL =

∫

M
(H − 2L)HL = 4.

and

c(ND) = 1 + H − 2L,

c(TD) = c(M)|Dc(ND)−1 = 1 + 2L − H − 2HL,

p1(TD) = −c2(TD ⊕ TD) = 0,

p1(ND) = −c2(ND ⊕ ND) = −4HL,

L(
1

4
TD) = 0,

L(
1

4
ND) = 1 − 1

12
HL,

td(M)|D = 1 +
1

6
HL,

L(1
4TD)

L(1
4ND)

td(M)|−1
D = 1 − 1

12
HL.

If all the eight O3-planes are of the same type, the consistency condition is

ch(E) e−B = ±8(H − 2L)(1 − 1

24
HL) ± 1

2
H3

= ±
{

8H − 16L − 1

6
H3

}
± 1

2
H3

= ±





8H − 16L + 1
3H3

or

8H − 16L − 2
3H3

(7.11)

The first line of r.h.s. is when D and the eight points pa contributes to the O-plane charge

with ε[D] = ±[D] and
∑8

a=1 ε[pa] = ±∑8
a=1[pa], while the second line is when they con-

tribute with ε[D] = ±[D] and
∑8

a=1 ε[pa] = ∓∑8
a=1[pa].
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(+ − ∗ ∗ ∗)
In all the cases with ε1 = −ε2, we have seen that the fixed point set consists of a pair of

homologous components. Thus, one possible consistency condition is

ch(E) e−B = 0. (7.12)

There are of course other possibilities as well.

7.3.2 Gepner model to the large volume with B = 1
2H + 1

2L

Let us now see whether the set of Cardy branes obeying the tadpole cancellation condition,

when transported in the orientifold moduli space, obey the condition at large volume.

For the parities PB
1;+−∗∗∗, we have seen that the O-plane has no charge and therefore

the tadpole canceling set of branes must have zero total RR-charge. This is indeed one

of the possibilities as we have just seen — the case where the two (set of) O-planes have

the opposite RR-charge. In particular, this is realized by the supersymmetric O-plane

configurations, where one of them is of SO-type and the other is of Sp-type.

For the parities PB
1;++∗∗∗, the O-plane has non-zero RR-charge and the check is non-

trivial. For the comparison, we need to know the relation of the RR-charge of the Cardy

branes at the Gepner model and the charge associated with the vector bundles at the large

volume. One relation is found in [26]

ch(V1) = 1 − H + L + 2` +
2

3
v

ch(V2) = −1 + H − 2L + 4h − 2` − 8

3
v

ch(V3) = −3 + 2H − L − 4

3
v

ch(V4) = 3 − 2H + 4L − 8h +
4

3
v

ch(V5) = 3 − H − L − 2` +
2

3
v

ch(V6) = −3 + H − 2L + 4h + 2` +
4

3
v

ch(V7) = −1 + L

ch(V8) = 1

(7.13)

where

` :=
H2 − 2HL

4
, h :=

HL

4
, v :=

H3

8
=

H2L

4
.

Up to cyclic permutation, V1, . . . , V8 are identified as a certain analytic continuation of the

Cardy branes with L = (00000) and M = 0, 2, 4, 6, 8, 10, 12, 14. We would first like to see

which cyclic permutation is the relevant one. To find it, we compute the rank (D9-brane

charge) of the tadpole canceling D-brane for the case (+ + + + +). We need it to be 32.
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A tadpole canceling D-brane has charge (−20,−8,−12, 12, 8, 20) with respect to the first

six of the L = (00000) Cardy branes. We find

Vm ↔ M = 2m =⇒ rank = 32,

Vm ↔ M = 2m − 2 =⇒ rank = 24,

Vm ↔ M = 2m − 4 =⇒ rank = 0,

Vm ↔ M = 2m − 6 =⇒ rank = −24,

Vm ↔ M = 2m − 8 =⇒ rank = −32,

Vm ↔ M = 2m + 6 =⇒ rank = −24,

Vm ↔ M = 2m + 4 =⇒ rank = 0,

Vm ↔ M = 2m + 2 =⇒ rank = 24,

Thus, the identification Vm ↔ M = 2m is the correct one. (Vm ↔ M = 2m + 8 may also

have a chance, but it is simply the sign flip of Vm ↔ M = 2m.) Under this identification,

the tadpole cancellation condition at the Gepner point continues to the condition at the

large volume with B = −1
2H + 1

2L, as we now see.

(+ + + + +)

The charge of a tadpole canceling D-brane E is

ch(E) = −20ch(V8) − 8ch(V1) − 12ch(V2) + 12ch(V3) + 8ch(V4) + 20ch(V5)

= 32 − 16H + 16L − 8H2 − 12HL +
13

3
H3.

If we choose B = −1
2H + 1

2L, we find

ch(E) e−B = 32 − 12H2 − 4HL. (7.14)

This is nothing but the tadpole cancellation condition in the large volume regime.

(+ + − + +) etc

ch(E) = −4ch(V8) − 8ch(V1) − 12ch(V2) − 12ch(V3) − 8ch(V4) − 4ch(V5)

= −8H + 4(H2 − HL) +
11

3
H3

and, for B = −1
2H + 1

2L,

ch(E) e−B = −8H +
11

3
H3. (7.15)

This agrees with the large volume condition with ε[M τ ] = −[M τ ].

(+ + −− +) etc

ch(E) = 4ch(V8) + 0ch(V1) + 4ch(V2) − 4ch(V3) + 0ch(V4) − 4ch(V5)

= 4HL − H3
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and, for B = −1
2H + 1

2L,

ch(E) e−B = 4HL. (7.16)

This agrees with the condition in the large volume regime where C and `a contribute to

the O-plane charge with ε[C] = [C] and ε[`a] = −[`a].

(+ + −−−)

ch(E) = 4ch(V8) + 0ch(V1) + 4ch(V2) + 4ch(V3) + 0ch(V4) + 4ch(V5)

= 8H − 16L − 4(H2 − 3HL) − 5

3
H3

and, for B = −1
2H + 1

2L,

ch(E) e−B = 8H − 16L − 2

3
H3. (7.17)

This agrees with the condition in the large volume regime where D and pa contribute to

the O-plane charge with ε[D] = [D] and ε[pa] = −[pa].

7.3.3 Gepner model to the large volume with B = 1
2L

For the parities PB
1;ε1...ε5 we are considering, the orientifold moduli space contains another

large volume region — the region with B = L
2 (mod ZH + ZL). Since this region is not

separated from the Gepner point in the moduli space, the tadpole cancellation condition

at the Gepner point should match with the one at this large volume. Let us confirm this.

The main task is to find the transformation rule of the D-brane charge — from the

Gepner point to the large volume. Let (φ,ψ) be the coordinate of the cover of the moduli

space (before orientifold) that are used in [31]. These are the natural parameters of the

superpotential of the mirror LG model (2.12), W̃ = W̃G − 8ψX̃1 · · · X̃5 − 2φX̃4
1 X̃4

2 , and is

related to the linear sigma model parameters as

et1 = −211ψ4φ−1,

et2 = 4φ2.

The singular loci are described as

C1 =
{

φ2 = 1
}

, Ccon =
{

(φ + 8ψ4)2 = 1
}

.

The ω = e2πi/8 orientifolds impose constraints e2πi/8ψ = ψ and −φ = φ, or

ψ ∈ e−
πi
8 R φ ∈ iR. (7.18)

Let us consider a path in this moduli space, P0: ψ = e−πi/8t
3
8 , φ = e−πi/2

√
t, 0 ≤ t < +∞.

(In the (t1, t2) coordinates, it is et1 = −211t, et2 = −4t.) It goes from the Gepner point
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Figure 16: The homotopy Ps. The shaded region is the orientifold moduli space.

to the large volume region with B = H
2 + L

2 . The identification (7.13) for ΠCardy =

(B0,0, B0,2, B0,4, B0,6, B0,8, B0,10)
T and ΠLV = (1,H,L,H2,HL,H3)T :

ΠCardy = MP0Π
LV; MP0 =




1 0 0 0 0 0

1 −1 1 1
2 −1 2

3

−1 1 −2 −1
2 2 −8

3

−3 2 −1 0 0 −4
3

3 −2 4 0 −2 4
3

3 −1 −1 −1
2 1 2

3




can be regarded as the transformation of charges for this choice of path. We would like to

find the transformation with respect to the other path, P1: ψ = e−πi/8t
3
8 , φ = − e−πi/2

√
t

( et1 = 211t, et2 = −4t), that goes to the large volume with B = L
2 . In order to find it, let

us find a homotopy of paths from the Gepner point to large volume, that deforms P0 to

P1. The following does the job:

Ps :

{
ψ = e−

πi
8 t

3
8

φ = e−
πi
2 eπis

√
t,

0 ≤ s ≤ 1. (7.19)

It intersects only with C1 of the singular locus at t = 1 and s = 1
2 . See figure 16. Thus,

we find that P1 is homotopic to −PC1 +P0 +P∞ where PC1 is the contour that goes once

around the singular locus C1 and P∞ is a contour that stays in the large volume limit. See

another figure, figure 17.

In [31], the monodromy of the RR-charge for the contour PC1 is computed in a basis
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Figure 17: The paths

ΠG as

ΠG → BΠG; B =




1 0 0 0 0 0

0 1 −1 1 −1 1

0 0 2 −1 1 −1

3 −3 4 −3 3 −3

−3 3 −4 4 −2 3

−3 3 −3 3 −2 3




We also know that the intersection matrices with respect to the two bases are related as

ICardy = (1 − A)IG(1 − A)T where

A =




0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

−1 0 −1 0 −1 0




This implies that the two bases are related by

ΠCardy = UΠG; U = ±(1 − A)An,

for some n. In the Cardy basis, the monodromy along the contour −PC1 is given by

ΠCardy → UB−1U−1ΠCardy. Thus, the transformation of the charge basis along the path

P1 is given by

ΠCardy = MP1Π
LV; MP1 = UB−1U−1MP0 . (7.20)

It turns out that U = (1−A)A6 is the right choice so that the Cardy branes canceling the

tadpole at the Gepner point obey the condition at the large volume with B = −H + 3
2L:

• (+ + + + +)

ch(E) e−B = 32 − 12H2 − 4HL. (7.21)

This agrees with the large volume condition.
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• (+ + − + +) etc

ch(E) e−B = −8H +
11

3
H3 (7.22)

This agrees with the large volume condition with ε[M τ ] = −[M τ ].

• (+ + −− +) etc

ch(E) e−B = 4H2 − 4HL (7.23)

This agrees with the large volume condition with ε[C] = [C] and ε[`a] = [`a].

• (+ + −−−)

ch(E) e−B = −8H + 16L − 1

3
H3. (7.24)

The is agrees with the large volume condition with ε[D] = −[D] and ε[pa] = −[pa].

7.3.4 Type of the O-planes

We have determined the orientation ε[Xτ ] of the O-plane in the two large volume regions,

for the P1;ε1...ε5-orientifolds. We would now like to know the type of each component of

the O-plane. We recall that there are roughly two types of O-planes — O− and O+: N

Dp-brane on top of an O−p-plane support O(N) gauge group while N Dp-brane on top

of an O+p-plane support Sp(N/2).6 O−-plane has a negative tension and O+-plane has a

positive tension. Thus, in a supersymmetric configuration where the NSNS tadpole is also

cancelled, it is impossible to have O-planes of type O+ only. In particular, if the O-plane

consists of a single component, that must be an O−-plane. Thus, the O9-plane for the

P∗;+++++-orientifold and the O7-plane for the P∗;++−++-orientifold must be both O−, as

long as there are supersymmetric brane configurations at large volume. For the P1;+−∗∗∗-
orientifolds, the O-plane has two (sets of) components which are homologous to each other.

At the Gepner point, we found that a configuration without a brane is supersymmetric and

tadpole canceling. Thus the two (sets of) O-plane components are of the opposite types,

as we have mentioned. In what follows, we discuss the remaining cases, P1;++−−+ and

P1;++−−−.

Let us consider Type II orientifold on a ten-dimensional manifold X with respect to

an involution τ of X. Let

Xτ =
⋃

i

Wi

be the decomposition of the O-plane into connected components. Let oi = ±1 be the type

of the O-plane at Wi — it is ±1 if Wi is an O±-plane. As before we denote the orientation

of the O-plane by ε[Wi]. Then, the D-brane wrapped on Wi preserves the same spacetime

supersymmetry as this O-plane at Wi if its orientation is oiε[Wi]. This also tells us the

phase of the supersymmetry in the large volume limit. To be specific, we consider the Type

6There is actually a finer classification labeled by the discrete RR-flux [74], which we do not discuss in

the present paper.
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IIB orientifolds on a Calabi-Yau three-fold. The overlap of the boundary state for a brane

wrapped on Wi and the RR-ground state |0〉
RR

of the lowest R-charge is given by

RR
〈0|BWi〉 =

∫

[Wi]
e−iω + · · · = (−i)dim Wi

∫

[Wi]

ωdimWi

dim Wi!
+ · · ·

where + · · · are small in the limit ω À 1. Note that if Wi is a complex submanifold

and [Wi] is the standard orientation,
∫
[Wi]

ωdimWi is positive. Thus, in the large volume

limit, the phase of the supersymmetry preserved by the O-plane of type oi and orientation

ε[Wi] = εi · [Wi] is given by

eiθi = oiεi(−i)dim Wi .

In particular, in a supersymmetric orientifold, all the components Wi must have the same

oiεi(−i)dim Wi .

This can be used to find the type of O-plane components (up to an overall sign) for

the P1;∗∗∗∗∗-orientifolds. We recall the O-plane orientations for the four relevant cases:

B = H
2 + L

2 B = L
2

P1;++−−+
ε[C] = −[C]

ε[`a] = [`a]

ε[C] = −[C]

ε[`a] = −[`a]

P1;++−−−
ε[D] = −[D]

ε[pa] = [pa]

ε[D] = [D]

ε[pa] = [pa]

Thus, for a common supersymmetry to be conserved, we need that the types must be

related as follows

B = H
2 + L

2 B = L
2

P1;++−−+ oC = −o`a oC = o`a

P1;++−−− oD = opa oD = −opa

To fix the overall sign, we need to look at the tension of the O-plane. Since we need some

branes to cancel the tadpole in all cases, we need the total tension to be negative. Let us

first discuss the P1;++−−+ orientifolds. For a Kähler form ω = r1H + r2L, we find

∫

[C]
ω +

4∑

a=1

∫

[`a]
ω = 8r1 + 8r2

∫

[C]
ω −

4∑

a=1

∫

[`a]
ω = 8r1

Thus, the type of the O-plane at C determines the sign of the total tension, and it must

always be O−, oC = −1. Next, let us consider the P1;++−−− orientifolds. In this case,

the O-plane at D has clearly larger tension than the ones at pa in the large volume limit.

Thus, O-plane at D must always be O−, oD = −1. To summarize, we find that the type
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of the O-plane components are given by

B = H
2 + L

2 B = L
2

P1;++−−+
C : O−

`a : O+

C : O−

`a : O−

P1;++−−−
D : O−

pa : O−
D : O−

pa : O+

We found an interesting phenomenon. As we move from one large volume region to

another, through the non-geometric region of the constrained Kähler moduli space, the type

of O-plane changes: For the P1;++−−+-orientifold, the O5-plane at the rational curves `a

change from O5+ to O5− while the O5-plane at the genus 9 curve C stays as O5−. For the

P1;++−−−-orientifold, the O3-planes at pa change from O3− to O3+ while the O7-plane

at the divisor D remains to be O7−. In this discussion, we have assumed that the sign

of the total O-plane tension remains the same as the Gepner point. This can be justified

by showing that the overlap ΠτΩ
0 does not vanish on a path from the Gepner point to the

large volume. (However, even if this assumption turns out to be wrong, the change in the

type of O-plane we have just discussed remains true.)

This provide a challenge in finding the classification scheme of D-brane charges using

K-theory that is valid uniformly in the moduli space. For flat tori, it is known that the

D-brane charges in Type II orientifolds are classified by using KR group [75 – 77] (see

also [78, 79]): For T 9−p/Z2-orientifold with all Op−-planes (resp. all Op+-planes), the

D-brane charges is classified by KR−(9−p)-group (resp. KR−(5−p)-group). One may guess

that a similar rule applies when the space is curved. But the above phenomenon tells us

that we need something very different to describe the D-brane charges uniformly on the

moduli space.

7.4 Comments on type IIA orientifolds

Let us consider Type IIA orientifold on a large volume Calabi-Yau manifold M with respect

to an antiholomorphic involution τ of M . The O-plane is the fixed point set M τ which

is a special Lagrangian submanifold, and the RR-flux generated by this is determined by

the homology class [M τ ] ∈ H3(M ; Z). The tadpole cancellation condition ni D6-branes

wrapped on special Lagrangian submanifolds Li are given by7

N∑

i=1

ni[Li] = 4[M τ ], (7.25)

where [Li] is the homology class of the submanifold Li. One obvious solution to this

condition is the configuration of four D6-branes wrapped on M τ , but other solutions may

exist as well. There can be a spacetime superpotential depending on the b1(Li) open string

fields as well as the Kähler moduli. There could even be open string fields which are heavy

at large volume limit but become light in some interior regions of the Kähler moduli. We

would like to compare this with some results obtained at the Gepner point.

7We assume that M is simply connected, in which case K1(M) = H3(M, Z).
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Let us first consider the odd H cases. In each of such cases, we found a supersymmetric

and tadpole canceling configuration consisting of four copies of one brane Bk−1
2

,k−1
2

. By

comparison with the large volume condition, it is natural to identify the brane Bk−1
2

,k−1
2

as the brane wrapped on the fixed point set M τ . For example, in the case of the quintic,

B1,1 is identified as the D6-brane wrapped on the real quintic which has a topology of

RP3. In any of the odd H cases, the open string spectrum at the Gepner point includes

massless chiral multiplets charged under O(4) — one or more symmetric tensors and in

some cases antisymmetric tensors as well (see section 4.5.1). Let us consider the quintic

case, where there is a single massless matter in the symmetric representation. Can it be

consistent with the large volume result? At large volume, there is no open string moduli

since the D-brane is wrapped on a simply connected submanifold RP3. However, as noted

in [7], there are choices in specifying the supersymmetric configuration — the choice of the

flat gauge connection on the brane. In the present case where the gauge group is O(4),

this is given by the π1(RP
3) = Z2 holonomy, namely, an element of O(4) which squares to

1. This is up to gauge transformation, and thus the vacuum manifold is

VLV =
{

g ∈ O(4)
∣∣∣ g2 = 14

}
/adO(4), (7.26)

where /adO(4) is quotient by the action g 7→ hgh−1, h ∈ O(4). Is there a field theory

model consistent with this and the massless spectrum at the Gepner point? This problem

is encountered in [7] in the context of a single brane in a theory without orientifold in

which there are two vacua at large volume Vsingle
LV = {±1}: The model is given by the

superpotential W = φψ + ψ3 where φ is a closed string field representing the Kähler class

and ψ is the open string field. If we identify φ = 0 as the Gepner point, ψ is massless

at the Gepner point and at large volume there are two vacua ψ = ±
√
−φ/3, which is

consistent with Vsingle
LV = {±1}. A natural extension to the current situation is the theory

with superpotential

W = φTrψ + Trψ3, (7.27)

where φ is the closed string field representing the Kähler class and and ψ is the symmetric

tensor for O(4), ψij = ψji, i, j = 1, 2, 3, 4. The Gepner point is identified as φ = 0 where ψ

is massless. Away from that point, say φ = −3, the vacuum equations for ψ are

[ψ,ψ†] = 0, ψ2 = 14,

where the first equation is the D-term equation (with ψT = ψ taken into account) and the

second equation is the F-term equation, ∂ψW = 0. The vacuum manifold is obtained by

moding out the solution space by the adjoint O(4) action. By the D-term equation, ψ can

be diagonalized by U(4) matrix and it then follows from ψT = ψ that ψ is a real matrix.

Thus, ψ is a four-by-four real matrix with the constraint ψT ψ = ψ2 = 14. Namely, the

vacuum manifold agrees with one at the large volume (7.26). In this discussion, we have

treated the Kähler modulus φ as a parameter. Of course, in the full string theory, we must

treat φ as a dynamical field and include ∂φW = 0 into the vacuum equations. Then, we

obtain an extra constraint Trψ = 0 which means that ψ has the same number of +1 or
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−1 eigenvalues. It would be interesting to find a similar field theory model for the odd H

cases other than the quintic.

Let us next consider an even H case, the two parameter model with ki = (6, 6, 2, 2, 2).

There is a freedom to dress by quantum symmetry, but we only consider those without

dressing for which the large volume region is included in the moduli space. There are six

such cases PA
+;00000, PA

+;00001, PA
+;00011, PA

+;00111 PA
+;01000. PA

+;01001. At the Gepner point,

only one of them, PA
+;01000, admits a tadpole canceling supersymmetric solution with exactly

four copies of an elementary brane. This brane, B(30111),(30111) , is identified in the large

volume limit as the O-plane which has topology of S3. Since this is simply connected,

there is a unique supersymmetric configuration at the large volume. At the Gepner point,

we found no massless matter field. A theory consisting of all these is the one with only

O(4) super-Yang-Mills without matter and exactly flat Kähler moduli space. In all of the

five other cases, we found that there is no consistent supersymmetric configuration with

only four branes at the Gepner point (section 4.6), while “four D6-branes wrapped on the

O-plane” is always a solution at large volume. Note that the O-plane has b1 ≥ 1 in these

cases, and there are massless open string fields that correspond to moving pairs of D6-

branes away from the O-plane, breaking O(4) to U(2) or further to U(1)2. One can expect

a non-trivial superpotential depending on such open string fields as well as Kähler moduli,

and it is conceivable that the supersymmetric vacua with unbroken O(4) misses the Gepner

point. It is an interesting problem to verify it by explicit computation of superpotential.

Another interesting problem is to analyze the interaction of the supersymmetric solutions

we found at the Gepner point and try to connect to the large volume limit.
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A. More general Gepner models

A Gepner model is defined as the orbifold of the product of minimal models
∏r

i=1 Mki
by

the group Γ ' ZH (H := l.c.m{ki +2}) generated by γ = (g, . . . , g) with g = e−2πiJ0(−1)
bF .

It can be used to define a fine compactification to 3+1 dimensions under the central charge

condition

c =
r∑

i=1

3ki

ki + 2
= 9, (A.1)
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and the condition on the number of factors

r : odd. (A.2)

The second condition is needed in order for the RR-charge of the lowest R-charge (corre-

sponding to the holomorphic volume-form of the corresponding Calabi-Yau) to survive the

orbifold projection.

Gepner models coming from the linear sigma models of the type described in section 2.1

always have r = 5. But there are other models as well. The equation (A.1) has solutions

with various number of factors, starting with r = 4. r = 4 solutions can be made into

r = 5 by adding a single k = 0 factor. But there are solutions with r > 5: According

to [37], there are twenty-one models with minimal r ≥ 6 — fourteen with rmin = 6, four

with rmin = 7, two with rmin = 8 and one with rmin = 9. (A solution with even r must

be added an odd number of k = 0 factors so that the condition (A.2) is obeyed.) To be

complete we consider these more general cases in this appendix.

One important identity is

µ :=
r∑

i=1

(
1 − 1

ki + 2

)
=

r + 3

2
(A.3)

where we have used the central charge condition (A.1). If we use the second condition (A.2),

we find that µ is an integer. Namely
∑

i
1

ki+2 is an integer. We have implicitly assumed

this in the construction of the crosscap states: Look at the the sign factor (−1)
P

i
ν

ki+2 in

the RR part of the crosscap state (3.16). This does not make sense unless
∑

i
1

ki+2 is an

integer.

In the main text of the paper starting section 3.3 we have assumed that r = 5. Here

we would like to present some formula that is valid for all cases (with odd r). The relation

between eπiJ0|CP 〉 and |C(−1)F P 〉 changes (for both A and B types) by the sign factor

(−1)µ. Thus, the formulae for the total crosscap states are modified as

(3.56) −→ |Cω;m〉RR = |CP A
ω;m

〉 ⊗ |C st
+ 〉RR − (−1)µω|C(−1)F P A

ω;m
〉 ⊗ |C st

− 〉RR ,

(3.60) −→ |CB
ω;m〉RR = |CP B

ω;m
〉 ⊗ |C st

+ 〉RR − (−1)µω̃−1|C(−1)F P B
ω;m

〉 ⊗ |C st
− 〉RR ,

If µ is even (note that µ = 4 (even) if r = 5), there is no difference in the discussion after

section 3.3. But there is some change if µ is odd. The largest effect is in the action of

parities on the branes. The transformation rules (4.17)–(4.20) and (6.14)–(6.15) changes

by sign (orientation). As a consequence, this affects the set of parity invariant D-branes.

The analysis of the structure of Chan-Paton factor goes through as in the discussion of

r = 5, with an obvious modification of the result.

Addition of two k = 0 factors shifts even µ to odd µ and vice versa. What we have seen

is that this has a non-trivial effect on the physics involving branes in the orientifold model.

In fact, without orientifold, addition of even number of k = 0 factors makes no difference

since the orbifold action is trivial on such pair of k = 0 factors. This is also true for the case

involving D-branes (before orientifold): for A-branes, the orbifold group flips the orientation
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of the brane in a W = X2 factor but a pair of such flips cancel against each other. For

B-branes the same can be said (this is known as the Knörrer periodicity [80]). However,

with an orientifold, this step 2 periodicity is doubled to step 4. This reminds us of the

Bott periodicity: complex K-theory has periodicity 2 but Real K-theory has periodicity 8.

B. Some detail

We explain the projection factors (4.18) and (4.19) that are used to read the parity action

on short-orbit branes.

We first compute the Z2 projection factor for the open string stretched from a short-

orbit brane B̂
(ε)

L̄,M̄
to another B̂

(ε′)
L,M. To this end, let us consider the loop-channel expansion

of the relevant overlaps in the minimal model with even k,

〈B k
2
,M̄ ,S̄|qH

t |B k
2
,M,S〉NSNS

RR
=

∑

l
s=0,1

N l
k
2

k
2

(±1)sχl,M̄−M,S̄−S+2s(τl), (B.1)

〈B k
2
,M̄ ,S̄|qH

t |B k
2
,M,S〉(∓1)F ak+2 =

∑

l
s=0,1

N l
k
2

k
2

(±1)s(−1)
1
2
(l+M̄−M−S̄2+S2)χl,M̄−M,S̄−S+2s(τl)

This is enough to see the open string states labeled by ⊗r
i=1(li, ni, si) are subject to the

projection
1

2

(
1 + γH/2

)
=

1

2

(
1 + εε′

∏

wi odd

(−1)
1
2
(li+ni−s)

)
, (B.2)

where s = 0 for NS states and 1 for R ones. This is nothing but (4.18).

Let us next find the projection factor that appears in the parity twisted partition

function. To do this, let us consider the minimal model with even k, and take the Möbius

strip amplitude

NSNS
〈B k

2
,M,S|qH

t |C A
(±1)F gm ePA

〉=
∑

l

δ
(2)
l (−1)m+ l

2

{
e∓

πi
4 χ̂l,2M−2m,2S−e±

πi
4 χ̂l,2M−2m,2S+2

}
(τ)

(B.3)

where

χ̂l,n,s(τ) = e−πi( l(l+2)−n2

4k+8
+ s2

8
− c

24
)χl,n,s(τ + 1/2). (B.4)

Let us see how it changes under the shift m → m + k+2
2 . This tell us that the open string

state (l, n, s) on the Möbius strip (B.3) has the following eigenvalue of g
k+2
2 :

g
k+2
2 = ±i(−1)

l+n
2

+S . (B.5)

One can also perform a similar analysis on the RR sector states. Let us then take a short

orbit A-brane B̂±,A
L,M and an A-parity PA

ω,m. Using (B.5) for each minimal model, we can

now easily find the eigenvalue of γH/2 for the open string state ⊗r
i=1(li, ni, si) on the Möbius

strip. The result is independent of the choice of branes and reads

γH/2 = ω
H
2 (−1)

σ
2

∏

wi odd

(−1)
1
2
(li+ni−s), (B.6)

where s = 0 for NS states and 1 for R ones as before, and σ is the number of i’s such that

wi is odd. This leads to the projection factor (4.19).
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C. Integral bases of three-cycles in the quintic

In the main text, we have seen that the most convenient way to write down and solve the

tadpole conditions is to find an integral basis of the charge lattice, so that the coefficients

in the equations (4.34) are manifestly integer. In this appendix, we describe how such a

basis can be found for A-type branes on the quintic. We will also describe an alternative

way of solving the tadpole conditions using gi polynomials.

Integral basis

In a single minimal model with k = 3, the charges of A-type branes span a 4-dimensional

lattice which is generated by the 5 branes BA
0,M,1 with M = 1, 3, 5, 7, 9. As is easiest to see

in the Landau-Ginzburg picture, these 5 charges satisfy one linear relation: Their sum is

zero. We can fit the set Λ of five charges modulo this one relation into an exact sequence

0 −→ {R} −→ A5 −→ Λ −→ 0 (C.1)

where A5 stands for the set {n = 0, 1, 2, 3, 4} representing the charges Qn of the brane

BA
0,2n+1,1, and R is the relation

R 7→
∑

n

Qn

There is an obvious Z5 action on A5 and on (C.1) which cyclically permutes the five

elements, and leaves R invariant.

If we now take the tensor product of 5 such minimal models, the charge lattice has

dimension 45 = 1024. It is generated by the tensor products Q(n) =
∏

i Qni modulo the

relations

R1(i;n) =
∑

ni

Q(n1, . . . , n5)

where n = (n1, . . . , n̂i, . . . n5). Thus we have 55 charges with 55 relations, but these relations

are not all independent. Namely, we have the relations between relations

R2(i, j;n) =
∑

ni

R1(j; (n, ni)) −
∑

nj

R1(i; (n, nj))

where now n = (n1, . . . , n̂i, . . . , n̂j , . . . , n5). Continuing this way, we obtain the long-exact

sequence for the set of charges Λten of the tensor product

0 −→ {R5} −→ 5A5 −→ 10(A5)
2 −→ 10(A5)

3 −→ 5(A5)
4 −→ (A5)

5 −→ Λten −→ 0 (C.2)

from which we see that the dimension of the charge lattice is indeed 45. The advantage of

this representation is that it is now trivial to take the Z5 orbifold. All relations Rs with

s < 5 are related to one another under the diagonal Z5 action, while R5 is invariant. Thus,

the untwisted charges can be represented by the sequence

0 −→ {R5} −→ 5(A5)
0 −→ 10A5 −→ 10(A5)

2 −→ 5(A5)
3 −→ (A5)

4 −→ ΛGep −→ 0

(C.3)

– 110 –



J
H
E
P
0
2
(
2
0
0
7
)
0
0
1

from which we read off the dimensions of the charge lattice of the Gepner model to be 204,

as expected. To obtain a basis of ΛGep, we take a section of (C.3). In view of solving the

tadpole conditions, it is most useful to do this in such a way that respects the action of

the parity. The parity acts in a single minimal model on Qn as 0 7→ 4, 1 7→ 3, and 2 7→ 2,

and similarly on all the relations. We will show how this language simplifies finding the

explicit form of (4.34) in appendix D.

Solving the tadpole conditions with gi polynomials

The tadpole cancellation condition can also be written in a simple form by using the gi-

polynomials. Here we again restrict our attention to the RR-charges and tadpoles sitting in

the untwisted sector. Let us introduce the (ki + 2)-dimensional shift matrices gi satisfying

gki+2
i = 1, and associate the following polynomial to each D-brane

QL,M(gi) =

5∏

i=1

(
Li∑

ni=0

g
ni+(Mi−Li)/2
i

)
, (C.4)

representing its RR-charge. Let us also associate similar gi-polynomials to the orientifolds

by first expressing their RR-charges in terms of D-branes and then using the above formula.

These polynomials of gi are useful in computing the (twisted) Witten indices between D-

branes and O-planes. The index between the branes B and B′ is given by the diagonal

element(more precisely, the product of diagonal elements) of the matrix

I = QB(gi)QB′(g−1
i )

5∏

i=1

(1 − g−1
i )

H∑

ν=1

(g1g2g3g4g5)
ν (C.5)

Since the last factor in the right hand side is the projection onto the states on which

g−1
5 = g1g2g3g4, we can eliminate g5 and obtain

I = QB(gi)QB′(g−1
i )(1 − g−1

1 )(1 − g−1
2 )(1 − g−1

3 )(1 − g−1
4 )(1 − g1g2g3g4)

×
w5∑

ν=1

(g1g2g3g4)
ν(k5+2), (C.6)

where the index is read off as the diagonal elements. This agrees with the formula for

quintic given in [7]. The RR-charges of any configurations of branes and the O-plane are

therefore expressed as polynomials of gi,

(RR-charge) =

ki+1∑

mi=0

Nm1m2m3m4m5g
m1
1 gm2

2 gm3
3 gm4

4 gm5
5 . (C.7)

The configuration is free of tadpoles when the sum of gi-polynomials of the constituent

D-branes and the O-plane vanishes up to

1 + gi + · · · + gki+1
i = 0, g1g2g3g4g5 = 1. (C.8)
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It is cumbersome to have these equivalence relations in analyzing the polynomial. There-

fore, it is more convenient to use the relations (C.8) to bring the polynomial into the

following gauge

ka+1∑

ma=0

Nm1···ma···m5 = 0, Nm1m2m3m4m5 = Nm1+1,m2+1,m3+1,m4+1,m5+1 (C.9)

and see whether each coefficient is vanishing or not. This is certainly possible because each

of the polynomials QL,M(gi) can be brought to this gauge (C.9) in the following way.

QL,M(gi) =
1

H

H−1∑

ν=0

ki+1∑

ni=0

5∏

i=1

(fLi,nig
ni+ν+(Mi−Li)/2)
i ),

fLi,ni =

{
1 − Li+1

ki+2 (0 ≤ ni ≤ Li)

−Li+1
ki+2 (otherwise)

(C.10)

As was noted before, these gi-polynomials can only express the RR-charges corre-

sponding to polynomial deformations of hypersurfaces defining the target space. In the

two parameter model with (ki + 2) = (8, 8, 4, 4, 4) there are six missing RR charges sitting

in the twisted sector. One can develop a similar argument using polynomials for those

RR-charges, too.

We can again see that the number of independent components of Nm1m2m3m4m5 agrees

with the number of RR ground states in the untwisted sector, which take the form (4.35),

|li〉 =
5∏

i=1

|li, li + 1, 1〉 × |li,−li − 1,−1〉
(

1 ≤ li + 1 ≤ ki + 1,
∑

i

li+1
ki+2 ∈ Z

)
(C.11)

To see this, let us take the Fourier transform of Nm1m2m3m4m5 :

Ñn1n2n3n4n5 =
∑

mi∈Zki+2

exp

(∑

i

2πimini

ki + 2

)
Nm1m2m3m4m5 (C.12)

Then Ñn1n2n3n4n5 are nonzero only when ni are all nonzero mod ki + 2 and
∑

i
ni

ki+2 ∈ Z,

which is the same condition as the RR ground states satisfy under the identification ni ↔
li + 1 (mod ki + 2). So Ñn1n2n3n4n5 has as many independent components as there are

untwisted RR vacua.

Of all the linear equations, there are some equations among the tadpole cancellation

conditions in which all the D-branes appear with positive definite coefficients. These essen-

tially come from the overlaps with the RR ground states |ν〉, namely, those with li = ν mod

ki + 2 for all i. The reason for the positivity is that the overlaps of D-branes or O-planes

with any of these states have the same phases if they preserve the same spacetime su-

persymmetry. These equations are particularly important, because they ensure that there

are only finite number of tadpole canceling configurations. These equations also contain

the condition that the sum of D-brane tensions must cancel the O-plane tension. One

can obtain these special equations from gi-polynomials by setting gi = gwi , where g is a

H-dimensional shift matrix.
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D. Tadpole conditions for Z5 orbifold of quintic

In this appendix, we discuss the tadpole conditions for Type IIB orientifolds of the orb-

ifold of the quintic by the Z5 symmetry called [1, 4, 0, 0, 00] in the notation of [24]. By

mirror symmetry, this is equivalent to Type IIA orientifold of (Z5)
2 orbifold of the quin-

tic. In B-type language, the model has 2h1,1 + 2 = 12 RR charges to cancel (the fact

that h2,1 = 49 will not be important). The analogs of RS branes in such orbifolds have

been discussed for instance in [81], and are also straightforward to obtain in the Landau-

Ginzburg picture. It is easy to see that the branes are labeled as BL,M,S with L as before

and M = (M1,M2,M3,M4,M5) modulo a (Z5)
3 identification.

We can present an integral basis of the charge lattice similarly to (C.3) via

0 −→ R3 −→ 3(A5)
0 −→ 3A5 −→ (A5)

2 −→ Λorbi −→ 0 (D.1)

such that Λorbi indeed has dimension 25 − 15 + 3 − 1 = 12. We now take a section

through (D.1) and specify an integral basis as the charges of the branes with L = 0 and

M = 2n + 1 with

n ∈
{
[0, 0, 2, 2, 2], [0, 4, 2, 2, 2], [1, 0, 2, 2, 2], [1, 1, 2, 2, 2], [1, 3, 2, 2, 2], [1, 4, 2, 2, 2],

[4, 4, 2, 2, 2], [4, 0, 2, 2, 2], [3, 4, 2, 2, 2], [3, 3, 2, 2, 2], [3, 1, 2, 2, 2], [3, 0, 2, 2, 2]
}

where [· · ·] denotes (Z5)
3 orbits and where the second line is obviously the parity image of

the first.

As before, branes preserving the same supersymmetry as the O-plane have arbitrary L

and
∑

Mi = 0 mod 5 and appropriate S label depending on the parity of
∑

Li. Obviously,

the charge of such branes does not depend on the permutations of L3, L4, L5, so we have

the following representatives of L labels

L = (0, 0, 0, 0, 0),

(1, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 1, 0, 0),

(1, 1, 0, 0, 0), (1, 0, 1, 0, 0), (0, 1, 1, 0, 0), (0, 0, 1, 1, 0),

(1, 1, 1, 0, 0), (1, 0, 1, 1, 0), (0, 1, 1, 1, 0), (0, 0, 1, 1, 1),

(1, 1, 1, 1, 0), (1, 0, 1, 1, 1), (0, 1, 1, 1, 1)

(1, 1, 1, 1, 1)

(D.2)

where we have ordered the branes according to increasing tension. The possible M labels

are (mod5 and modulo (Z5)
3):

M = [0, 0, 0, 0, 0], [1, 4, 0, 0, 0], [4, 1, 0, 0, 0], [2, 3, 0, 0, 0], [3, 2, 0, 0, 0] (D.3)

The first of these is obviously invariant under the parity, while the others are each others

image. Thus, we have a total of 16 × 3 = 48 different charges to consider in the tadpole

cancellation. We will denote by n1, . . . n48 the number of times a given charge appears.

By utilizing the well-known expressions for the charges of branes in the minimal model

(see (C.4) or (6.24)), we can compute the RR charges of all branes on the list in the basis
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described above. This leads to the following 6 equations on the 48 ni’s

(n1, . . . , n48)




2 2 0 0 0 0

2 2 1 0 0 0

1 1 1 −1 0 0

2 0 0 1 0 −1

2 0 0 1 −1 1

1 0 1 0 1 0

2 0 0 1 0 1

2 0 1 1 1 −1

1 0 0 0 −1 0

2 0 −1 2 0 0

2 0 1 0 0 0

1 0 1 0 0 0

4 2 2 0 0 0

4 2 1 0 0 0

2 1 0 1 0 0

4 2 0 1 −1 −1

4 2 2 0 1 0

2 1 1 0 0 1

4 2 1 1 1 1

4 2 1 0 −1 0

2 1 1 0 0 −1

4 2 −1 2 0 0

4 2 2 0 0 0

2 1 2 −1 0 0

6 2 3 0 0 0

6 2 1 2 0 0

3 1 0 1 0 0

6 2 0 2 −1 −2

6 2 2 1 0 1

3 1 2 0 1 1

6 2 1 2 1 2

6 2 2 1 0 −1

3 1 1 0 −1 −1

6 2 −2 4 0 0

6 2 3 0 0 0

3 1 3 −1 0 0

10 4 5 0 0 0

10 4 2 2 0 0

5 2 0 2 0 0

10 4 0 3 −2 −3

10 4 4 1 1 1

5 2 3 0 1 2

10 4 2 3 2 3

10 4 3 1 −1 −1

5 2 2 0 −1 −2

16 6 8 0 0 0

16 6 3 4 0 0

8 3 0 3 0 0




= (32, 12, 0, 12, 0, 0) (D.4)

Inspection reveals that the first two of these equations are nothing but the equations (6.32)

that we have solved in the context of B-type orientifold of quintic. To see this, one has

to take into account that for branes not invariant under parity, ni denotes the number of

times the brane and its image under parity appear, and the fact that the mass depends

only on the number of 1’s in the L label. Thus, to find solutions of (D.4), we can take some

solution of (6.32) and scan through all ways of distributing this mass among the branes on

the list of 48 with the same tension.
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Here are a few examples of tadpole canceling brane configurations for the Z5 orbifold

of the quintic obtained in this way.

Example 1

(B(00111),(20111) + image) + (B(11110),(39116) + image) + 2B(11111),(11111)

Example 2

4(B(00000),(20666) + image) + 2(B(00100),(20166) + image) + B(00100),(66166)

+(B(01110),(25116) + image) + (B(10000),(34666) + image) + 3(B(10000),(70666) + image)

+B(11110),(11116)

Example 3

3(B(00000),(20666) + image) + B(00000),(66666) + (B(00000),(84666) + image)

+5(B(00100),(20166) + image) + B(00100),(66166) + 2B(01000),(61666) + 2B(10000),(16666)

+B(11111),(11111)

Particle spectrum

The spectrum of massless matters for these brane configurations is analyzed in a similar
way as in the case of ordinary quintic. Here we only present the results.

gauge
group ] L, M, S 1 2 3 4 5

U(1)
1 (00111),(20111),0 12 0 0 3 0

2 (00111),(02111),0 0 12 3 0 0

U(1)
3 (11110),(39116),2 0 3 12 7+3 10

4 (11110),(93116),2 3 0 7+3 12 10

O(2) 5 (11111),(11111),0 0 0 10 10 13+12

Example 1

The first example consists of five kinds of branes, B1 + B2 + B3 + B4 + 2B5, where B5

is parity invariant and B2, B4 are parity images of B1, B3. The spectrum of chiral matters

is summarized in the table above.

The gauge group is U(1)2×O(2), and the labels (L,M, S) of five D-branes are presented

in the second column. The 5×5 numbers give the multiplicities of chiral primary states on

i−j string (i, j = 1, · · · , 5). 3−4, 4−3 and 5−5 strings are parity invariant, and they belong

to symmetric or antisymmetric tensor representations of gauge group according to their

parity eigenvalues. The numbers 7 + 3 or 13 + 12 represent the multiplicities of symmetric

and antisymmetric representations.

The table contains nine blocks. Upper off-diagonal blocks are related with lower off-

diagonal ones by parity, namely, the multiplicity of matters on i−j string is the same as

that of P (j)−P (i) string. As was explained in section 5, the spectrum is chiral if there is

a block with the following property
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• An off-diagonal block corresponding to one unitary and one non-unitary groups, with

numbers (
a

b

)
or (a b), a 6= b

• An off-diagonal block corresponding to two different unitary groups, with numbers

(
a b

c d

)
, a 6= d or b 6= c.

• A diagonal block for a unitary group, with numbers

(
a bs + ba

cs + ca a

)
, bs 6= cs or ba 6= ca

The table shows that the first example is non-chiral.

The other two examples are chiral, as can be seen from the tables below. Note that

there are no antisymmetric tensor representations of U(1) or O(1).

gauge
group ] L, M, S 1 2 3 4 5 6 7 8 9 10 11 12

U(4)
1 (00000),(20666),2 0 0 2 0 1 0 1 0 0 0 1 0

2 (00000),(02666),2 0 0 0 2 1 0 0 1 3 0 0 0

U(2)
3 (00100),(20166),0 2 0 2 0 1 0 3 1 2 0 0 0

4 (00100),(02166),0 0 2 0 2 1 0 0 0 0 2 0 0

O(1) 5 (00100),(66166),0 1 1 1 1 2 2 1 2 0 1 0 3

U(1)
6 (01110),(25116),0 0 1 0 3 1 5 1 0 1 2 1 5

7 (01110),(07116),0 0 0 0 0 2 1 5 1 0 1 2 2

U(1)
8 (10000),(34666),0 3 0 0 2 0 0 1 0 0 3 0 2

9 (10000),(98666),0 1 0 0 1 2 1 0 3 0 1 0 1

U(3)
10 (10000),(70666),0 0 1 0 0 0 2 1 0 0 0 1 0

11 (10000),(52666),0 0 0 2 0 1 1 2 1 3 0 0 2

O(1) 12 (11110),(11116),2 0 0 0 0 3 2 5 1 2 2 0 6

Example 2

gauge
group ] L, M, S 1 2 3 4 5 6 7 8 9 10 11

U(3)
1 (00000),(20666),2 0 0 0 0 0 2 0 1 0 3 0

2 (00000),(02666),2 0 0 0 0 0 0 2 1 3 0 0

O(1) 3 (00000),(66666),2 0 0 0 0 0 1 1 2 0 0 1

U(1)
4 (00000),(84666),2 0 0 0 0 0 1 0 0 0 1 0

5 (00000),(48666),2 0 0 0 0 0 0 1 0 1 0 0

U(5)
6 (00100),(20166),0 2 0 1 1 0 2 0 1 1 0 0

7 (00100),(02166),0 0 2 1 0 1 0 2 1 0 1 0

O(1) 8 (00100),(66166),0 1 1 2 0 0 1 1 2 0 0 3

O(2) 9 (01000),(61666),0 3 0 0 1 0 0 1 0 0 3 1

O(2) 10 (10000),(16666),0 0 3 0 0 1 1 0 0 3 0 1

O(1) 11 (11111),(11111),0 0 0 1 0 0 0 0 3 1 1 13

Example 3
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